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A B S T R A C T

Transient electronic systems are engineered to physically disappear after a predetermined period. Such systems
hold significant promise for environmental sustainability and medical applications. The transient behavior
relies on the interplay between water diffusion and the hydrolysis reaction of the device components, with the
thickness of the encapsulation layer serving as a crucial parameter for controlling the lifetime of the device.
The established analytical model for reactive diffusion, however, is limited to relatively thin encapsulation
layers. We extend the analytical model to thick encapsulation layers in order to predict transient electronics’
lifetimes for both thin and thick encapsulation layers, broadening its applicability. Furthermore, we obtain a
scaling law between the dissolution time and the dissolved thickness of transient electronics for the limit of a
thick encapsulation layer with no reaction. This scaling law offers a robust way for calculating the dissolution
time across different device configurations.
. Introduction

Traditional electronic systems are engineered for longevity, empha-
izing stable performance over extended periods with minimal change.
n the opposite, the transient electronic system, as proposed by Hwang
t al. (2012), embraces a fundamentally different philosophy. These
ystems are designed for a controllable, finite duration of functionality
ith an inherent capacity to degrade and dissolve in aqueous environ-
ents at predetermined durations and rates. This unique characteristic

ffers advantages in two scenarios. Firstly, it enables these devices to
hysically disappear in the external environment, mitigating environ-
ental impact and eliminating the costs and health risks associated
ith discarded electronics (Burns et al., 2016; Heacock et al., 2016; Fu
t al., 2016; Huang et al., 2014; Jung et al., 2015; Irimia-Vladu et al.,
010). Secondly, when used in biomedical contexts, such devices can
e bioresorbed by the body, obviating the need for secondary surgical
rocedures to remove implants. Consequently, transient electronics
ave found widespread application in the medical field, serving as im-
lantable diagnostic tools, interventional components, and therapeutic

∗ Corresponding author at: Department of Civil and Environmental Engineering, Northwestern University, Evanston, 60208, IL, USA.
E-mail address: y-huang@northwestern.edu (Y. Huang).

delivery vehicles (Jia et al., 2016; Yu et al., 2016; Kang et al., 2016;
Lee et al., 2015; Tao et al., 2014; Won et al., 2018).

In the realm of transient electronics, a variety of degradable ma-
terials have been explored to match the performance of conventional
electronic devices. For semiconductors, silicon nanomembrane (SiNM)
is a preferred choice. Its hydrolysis in phosphate-buffered saline (PBS)
(pH = 7.4, physiological levels) forms silicic acid (Si(OH)4) through
the reaction Si + 4H2O ←←←←←←→ Si(OH)4 + 2H2 (Krauskopf, 1956; Iler,
1973; Rimstidt and Barnes, 1980). Although silicon’s hydrolysis rate
is relatively slow, its thinness compensates, making the dissolution
time acceptable. Several metals are used as conductors. For conductive
elements, magnesium (Mg) stands out due to its ease of processing,
biocompatibility, and rapid hydrolysis, producing Mg(OH)2 in physi-
ological conditions (Hwang et al., 2012; Yin et al., 2014; Zeng et al.,
2008; Witte, 2010). Other metals like zinc (Zn), iron (Fe), tungsten (W),
and molybdenum (Mo) offer similar benefits (Yin et al., 2014; Mueller
et al., 2012; Hermawan et al., 2010; Nie et al., 2010; Bowen et al.,
2013; Patrick et al., 2011; Badawy and Al-Kharafi, 1998), with most
being essential for biological functions. In the context of dielectrics,
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magnesium oxide (MgO) and silicon dioxide (SiO2) are utilized. They
react with water to form dissolvable Mg(OH)2 and Si(OH)4, respec-
tively (Amaral et al., 2010; Wetteland et al., 2018; Kang et al., 2014;
Lee et al., 2017). Furthermore, biodegradable polymers such as poly-
lactic acid (PLA), poly(lactic-co-glycolic acid) (PLGA), polyanhydride
(PA), natural wax, and silk fibroin are employed as substrates and
packaging materials (Place et al., 2009; Choi et al., 2020). Their dis-
solution rates are crucial, not only for their own disintegration but also
for serving as a barrier against water, thereby protecting other device
components. This setup allows precise control over the dissolution rate
of functional parts by selecting appropriate polymers and designing
suitable geometries. The polymers’ interaction with water varies signifi-
cantly; some are hydrophilic with high water permeability (Place et al.,
2009), while others are hydrophobic, effectively repelling water for
extended periods (Won et al., 2018; Choi et al., 2020). Consequently,
the stable operational duration of these transient electronic devices can
be meticulously controlled, ranging from hours to months.

The lifetime of transient electronic devices is predominantly gov-
erned by the interplay of diffusion and hydrolysis reactions within the
system. Initially, water molecules permeate the encapsulation layer,
undergoing simultaneous reactions and diffusion. Subsequently, these
molecules diffuse into the functional components, such as magnesium
(Mg), and initiate reactions that gradually impair the device’s func-
tionality. To comprehend and accurately predict the lifetime of these
devices, the reactive diffusion model was introduced by Li et al. (2013).
This model, considering a MgO encapsulation layer and a Mg electrical
circuit, calculated the diminishing thickness of the Mg layer over time.
As the Mg layer thins, the device’s resistance increases, leading to
functional loss, which is defined as the device’s lifetime. This model
has been validated through successful correlation with experimental re-
sults (Hwang et al., 2012; Won et al., 2018; Choi et al., 2020). However,
a limitation arises from the original model’s focus on scenarios where
the encapsulation layer is thin, comparable in thickness to the Mg layer.
In practical applications, the encapsulation layer is often substantially
thicker to ensure extended device lifetime. In such cases, the diffusion
within the encapsulation layer becomes the critical time-controlling
factor, overshadowing the relatively rapid reaction in the conductive
Mg layer. This discrepancy highlights the need for an expanded model
that accurately represents devices with thicker encapsulation layers, a
gap that our current work aims to address.

In response to this identified need, our study offers an analytical
solution to the reactive diffusion model that accommodates both thin
and thick encapsulation layers in transient electronic devices. Then
we derive a scaling law for the thick encapsulation layer, where the
diffusion in the encapsulation layer is the control factor of the whole
process. This scaling law emphasizes the diffusion in the encapsulation
layer as the primary determinant of the device’s dissolution process. It
provides a simple tool for understanding and predicting the lifetime of
transient electronics under diverse conditions.

2. Double-layer reactive diffusion model

The device comprises a bottom magnesium (Mg) layer and an encap-
sulation layer on top (Fig. 1). The top surface contacts the water bath.
Given that the thicknesses of both layers are typically much smaller
than their widths and lengths, a one-dimensional reactive diffusion
model is an appropriate simplification for our analysis.

The mass conservation equations for both the Mg and the encapsu-
lation layers are (Li et al., 2013)

𝐷𝜕2𝑤
𝜕𝑧2

− 𝑘𝑤 − 𝜕𝑤
𝜕𝑡

= 0, 0 < 𝑧 < ℎ0 (1a)

𝑒𝑛
𝜕2𝑤
𝜕𝑧2

− 𝑘𝑒𝑛𝑤 − 𝜕𝑤
𝜕𝑡

= 0, ℎ0 < 𝑧 < ℎ0 + ℎ𝑒𝑛 (1b)

here 𝑤 is the concentration of water which is the function of position
and time 𝑡; 𝐷, 𝑘, ℎ , 𝐷 , 𝑘 , and ℎ are the diffusivity, hydrolysis
2

0 𝑒𝑛 𝑒𝑛 𝑒𝑛 𝑤
reaction constant, and initial thickness of the Mg and encapsulation
layers, respectively.

We introduce the following nondimensional variables and parame-
ters:

𝑧 = 𝑧∕ℎ0, �̃� = 𝐷𝑡∕ℎ20, �̃� = 𝑤∕𝑤0, �̃� = 𝑘ℎ20∕𝐷,

ℎ𝑒𝑛 = ℎ𝑒𝑛∕ℎ0, �̃�𝑒𝑛 = 𝐷𝑒𝑛∕𝐷, �̃�𝑒𝑛 = 𝑘𝑒𝑛ℎ
2
0∕𝐷 (2)

where 𝑤0 is the water mass concentration in the water bath.
In the subsequent text, for simplicity, we will omit all ̃ notation.

The nondimensional mass conservation equations Eq. (1) then become

𝜕2𝑤
𝜕𝑧2

− 𝑘𝑤 − 𝜕𝑤
𝜕𝑡

= 0, 0 < 𝑧 < 1 (3a)

𝑒𝑛
𝜕2𝑤
𝜕𝑧2

− 𝑘𝑒𝑛𝑤 − 𝜕𝑤
𝜕𝑡

= 0, 1 < 𝑧 < 1 + ℎ𝑒𝑛 (3b)

The device is immersed in water. Its top surface has the same water
oncentration 𝑤0 as the water bath. Its bottom, in contact with the

substrate, has zero flux. In addition, both the concentration of water
and its flux are continuous across the interface between the Mg layer
and the encapsulation layer. These are expressed as follows:

𝑤|𝑧=1+ℎ𝑒𝑛 = 1 (4a)

𝜕𝑤
𝜕𝑧

|𝑧=0 = 0 (4b)

𝑤|𝑧=1− = 𝑤|𝑧=1+ (4c)

𝜕𝑤
𝜕𝑧

|𝑧=1− = 𝐷𝑒𝑛
𝜕𝑤
𝜕𝑧

|𝑧=1+ (4d)

At 𝑡 = 0, both the Mg layer and the encapsulation layer are devoid
of water:

𝑤|𝑡=0 = 0 (5)

The solution can be expressed as the sum of a steady state solution
𝑤𝑠, which holds for 𝑡 → ∞, and a transient part 𝑤ℎ that depends on
both 𝑧 and 𝑡:

𝑤(𝑧, 𝑡) = 𝑤𝑠(𝑧) +𝑤ℎ(𝑧, 𝑡) (6)

The steady state solution 𝑤𝑠 also satisfies Eqs. (3) and (4), and is
given by

𝑤𝑠 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑃 cosh(
√

𝑘𝑧), 0 < 𝑧 < 1

cosh
[√

𝑘𝑒𝑛
𝐷𝑒𝑛

(1 + ℎ𝑒𝑛 − 𝑧)
]

+𝑄 sinh
[√

𝑘𝑒𝑛
𝐷𝑒𝑛

(1 + ℎ𝑒𝑛 − 𝑧)
]

,

1 < 𝑧 < 1 + ℎ𝑒𝑛

(7)

where

1∕𝑃 =cosh(
√

𝑘) cosh

(
√

𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

+
√

𝑘
𝑘𝑒𝑛𝐷𝑒𝑛

sinh(
√

𝑘) sinh

(
√

𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

(8a)

𝑄 = −

√

𝑘
𝑘𝑒𝑛𝐷𝑒𝑛

tanh(
√

𝑘) + tanh
(√

𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

1 +
√

𝑘
𝑘𝑒𝑛𝐷𝑒𝑛

tanh(
√

𝑘) tanh
(√

𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)
(8b)

The transient solution 𝑤ℎ also satisfies Eqs. (3) and (4), except
q. (4a) is revised to

| = 0 (9)
ℎ 𝑧=1+ℎ𝑒𝑛
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Fig. 1. Schematic of the device for reactive diffusion model.
o

t

𝑤ℎ can be solved by the method of separation of variables:

ℎ(𝑧, 𝑡) = 𝑍(𝑧)𝑇 (𝑡) (10)

hich gives
𝑍′′

𝑍
− 𝑘 = 𝑇 ′

𝑇
= −𝜆, 0 < 𝑧 < 1 (11a)

𝑒𝑛
𝑍′′

𝑍
− 𝑘𝑒𝑛 =

𝑇 ′

𝑇
= −𝜆, 1 < 𝑧 < 1 + ℎ𝑒𝑛 (11b)

where the constant 𝜆 is the eigenvalue to be determined. The solution
of 𝑇 to Eq. (11a) is

𝑇 = 𝑒−𝜆𝑡 (12)

For a thin encapsulation layer, the eigenvalues 𝜆 are always larger
than both 𝑘 and 𝑘𝑒𝑛, and this has been studied by Li et al. (2013) and
is summarized below. For a relatively thick encapsulation layer, the
eigenvalue 𝜆 could be between 𝑘 or 𝑘𝑒𝑛 (though never smaller than both
𝑘 and 𝑘𝑒𝑛), as studied below.

2.1. 𝜆 > 𝑚𝑎𝑥(𝑘, 𝑘𝑒𝑛)

The solution of 𝑍 to Eq. (11a) is (Li et al., 2013)

𝑍 = 𝐴 cos(
√

𝜆 − 𝑘𝑧), 0 < 𝑧 < 1 (13a)

𝑍 = 𝐹 sin

[
√

𝜆 − 𝑘𝑒𝑛
𝐷𝑒𝑛

(1 + ℎ𝑒𝑛 − 𝑧)

]

, 1 < 𝑧 < 1 + ℎ𝑒𝑛 (13b)

hich already satisfies the boundary conditions Eqs. (9) and (4b). The
onstants 𝐴 and 𝐹 are to be determined from the continuity conditions
qs. (4c) and (4d):

cos(
√

𝜆 − 𝑘) − sin
(√

𝜆−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

−
√

𝜆 − 𝑘 sin(
√

𝜆 − 𝑘)
√

(𝜆 − 𝑘𝑒𝑛)𝐷𝑒𝑛 cos
(√

𝜆−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

⎤

⎥

⎥

⎥

⎦

[

𝐴
𝐹

]

=
[

0
0

]

(14)

To ensure a non-trivial solution, the determinant of the coefficient
atrix above must be zero, which leads to the eigenequation:

(𝜆 − 𝑘𝑒𝑛)𝐷𝑒𝑛
𝜆 − 𝑘

cos(
√

𝜆 − 𝑘) cos

(
√

𝜆 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

− sin(
√

𝜆 − 𝑘) sin

(
√

𝜆 − 𝑘𝑒𝑛 ℎ𝑒𝑛

)

= 0 (15)
3

𝐷𝑒𝑛
r equivalently

an(
√

𝜆 − 𝑘) tan

(
√

𝜆 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

=

√

(𝜆 − 𝑘𝑒𝑛)𝐷𝑒𝑛
𝜆 − 𝑘

(16)

Its solution gives the eigenvalues, denoted as 𝜆𝑛,1 (where 𝑛 =
1, 2, 3,…). For each eigenvalue 𝜆𝑛,1, the associated eigenfunction is

𝑓𝑛,1(𝑧) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

sin
(√

𝜆𝑛,1−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

cos(
√

𝜆𝑛,1 − 𝑘𝑧), 0 < 𝑧 < 1

cos(
√

𝜆𝑛,1 − 𝑘) sin
[√

𝜆𝑛,1−𝑘𝑒𝑛
𝐷𝑒𝑛

(1 + ℎ𝑒𝑛 − 𝑧)
]

,

1 < 𝑧 < 1 + ℎ𝑒𝑛

(17)

2.2. 𝜆 between 𝑘 and 𝑘𝑒𝑛

Two mutually exclusive cases are considered below. Their eigenval-
ues are both called 𝜆𝑛,2.

2.2.1. 𝑘 > 𝑘𝑒𝑛
The process is the same as outlined in 2.1. We directly present the

eigenequation:
√

(𝜆 − 𝑘𝑒𝑛)𝐷𝑒𝑛
𝑘 − 𝜆

cosh(
√

𝑘 − 𝜆) cos

(
√

𝜆 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

+ sinh(
√

𝑘 − 𝜆) sin

(
√

𝜆 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

= 0 (18)

or equivalently

tanh(
√

𝑘 − 𝜆) tan

(
√

𝜆 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

= −

√

(𝜆 − 𝑘𝑒𝑛)𝐷𝑒𝑛
𝑘 − 𝜆

(19)

Its solution (eigenvalue) between 𝑘 and 𝑘𝑒𝑛 is denoted by 𝜆𝑛,2. The
eigenfunction for this case is

𝑓𝑛,2(𝑧) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

sin
(√

𝜆𝑛,2−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

cosh(
√

𝑘 − 𝜆𝑛,2𝑧), 0 < 𝑧 < 1

cosh(
√

𝑘 − 𝜆𝑛,2) sin
[√

𝜆𝑛,2−𝑘𝑒𝑛
𝐷𝑒𝑛

(1 + ℎ𝑒𝑛 − 𝑧)
]

,

1 < 𝑧 < 1 + ℎ𝑒𝑛
(20)
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√

w

𝐶𝑛,1 = −
2
√

(𝜆𝑛,1 − 𝑘𝑒𝑛)𝐷𝑒𝑛 cos(
√

𝜆𝑛,1 − 𝑘)∕𝜆𝑛,1

sin2
(√

𝜆𝑛,1−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)[

1 + sin(2
√

𝜆𝑛,1−𝑘)
2
√

𝜆𝑛,1−𝑘

]

+ cos2(
√

𝜆𝑛,1 − 𝑘)

⎡

⎢

⎢

⎢

⎣

ℎ𝑒𝑛 −
sin

(

2
√

𝜆𝑛,1−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

2
√

𝜆𝑛,1−𝑘𝑒𝑛
𝐷𝑒𝑛

⎤

⎥

⎥

⎥

⎦

(27)

where 𝜆𝑛,1 is solved by Eq. (15).

𝐶𝑛,2 = −
2
√

(𝜆𝑛,2 − 𝑘𝑒𝑛)𝐷𝑒𝑛 cosh(
√

𝑘 − 𝜆𝑛,2)∕𝜆𝑛,2

sin2
(√

𝜆𝑛,2−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)[

1 + sinh(2
√

𝑘−𝜆𝑛,2)
2
√

𝑘−𝜆𝑛,2

]

+ cosh2(
√

𝑘 − 𝜆𝑛,2)

⎡

⎢

⎢

⎢

⎣

ℎ𝑒𝑛 −
sin

(

2
√

𝜆𝑛,2−𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛

)

2
√

𝜆𝑛,2−𝑘𝑒𝑛
𝐷𝑒𝑛

⎤

⎥

⎥

⎥

⎦

, 𝑘 > 𝑘𝑒𝑛 (28)

where 𝜆𝑛,2 is solved by Eq. (18).

𝐶𝑛,2 = −
2
√

(𝑘𝑒𝑛 − 𝜆𝑛,2)𝐷𝑒𝑛 cos(
√

𝜆𝑛,2 − 𝑘)∕𝜆𝑛,2

sinh2
(√

𝑘𝑒𝑛−𝜆𝑛,2
𝐷𝑒𝑛

ℎ𝑒𝑛

)[

1 + sin(2
√

𝜆𝑛,2−𝑘)
2
√

𝜆𝑛,2−𝑘

]

+ cos2(
√

𝜆𝑛,2 − 𝑘)

⎡

⎢

⎢

⎢

⎣

−ℎ𝑒𝑛 +
sinh

(

2
√

𝑘𝑒𝑛−𝜆𝑛,2
𝐷𝑒𝑛

ℎ𝑒𝑛

)

2
√

𝑘𝑒𝑛−𝜆𝑛,2
𝐷𝑒𝑛

⎤

⎥

⎥

⎥

⎦

, 𝑘 < 𝑘𝑒𝑛 (29)

where 𝜆𝑛,2 is solved by Eq. (21).

Box I.
2

e
h
i

ℎ

w
𝜌
r
(
M

ℎ

.2.2. 𝑘 < 𝑘𝑒𝑛
The eigenequation is

(𝑘𝑒𝑛 − 𝜆)𝐷𝑒𝑛
𝜆 − 𝑘

cos(
√

𝜆 − 𝑘) cosh

(
√

𝑘𝑒𝑛 − 𝜆
𝐷𝑒𝑛

ℎ𝑒𝑛

)

− sin(
√

𝜆 − 𝑘) sinh

(
√

𝑘𝑒𝑛 − 𝜆
𝐷𝑒𝑛

ℎ𝑒𝑛

)

= 0 (21)

or equivalently

tan(
√

𝜆 − 𝑘) tanh

(
√

𝑘𝑒𝑛 − 𝜆
𝐷𝑒𝑛

ℎ𝑒𝑛

)

=

√

(𝑘𝑒𝑛 − 𝜆)𝐷𝑒𝑛
𝜆 − 𝑘

(22)

Its solution (eigenvalue) between 𝑘 and 𝑘𝑒𝑛 is denoted by 𝜆𝑛,2. The
eigenfunction for this case is

𝑓𝑛,2(𝑧) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

sinh
(√

𝑘𝑒𝑛−𝜆𝑛,2
𝐷𝑒𝑛

ℎ𝑒𝑛

)

cos(
√

𝜆𝑛,2 − 𝑘𝑧), 0 < 𝑧 < 1

cos(
√

𝜆𝑛,2 − 𝑘) sinh
[√

𝑘𝑒𝑛−𝜆𝑛,2
𝐷𝑒𝑛

(1 + ℎ𝑒𝑛 − 𝑧)
]

,

1 < 𝑧 < 1 + ℎ𝑒𝑛

(23)

2.3. General solution

The transient solution 𝑤ℎ is

𝑤ℎ =
∑

𝑖=1,2;𝑛=1,2,3,…
𝐶𝑛,𝑖𝑒

−𝜆𝑛,𝑖𝑡𝑓𝑛,𝑖(𝑧) (24)

where the coefficient 𝐶𝑛,𝑖 is to be determined by the initial condition
Eq. (5):

∑

𝑖=1,2;𝑛=1,2,3,…
𝐶𝑛,𝑖𝑓𝑛,𝑖(𝑧) +𝑤𝑠 = 0 (25)

The orthogonality of eigenfunctions gives 𝐶𝑛,𝑖 as

𝐶𝑛,𝑖 = −
∫ 1+ℎ𝑒𝑛
0 𝑓𝑛,𝑖𝑤𝑠d𝑧

∫ 1+ℎ𝑒𝑛
0 𝑓 2

𝑛,𝑖d𝑧
(26)

hich yields (see Eqs. (27)–(29) in Box I).
4

.4. Conditions for solutions exclusively with 𝜆 > 𝑚𝑎𝑥(𝑘, 𝑘𝑒𝑛)

The case where 𝜆 > 𝑚𝑎𝑥(𝑘, 𝑘𝑒𝑛) always yields an infinite number of
igenvalues. However, eigenequations for other cases may not always
ave roots. To address these nuances, it is essential to discuss each case
ndividually.

For 𝑘𝑒𝑛 < 𝜆 < 𝑘, the condition for Eq. (18) to have no root is

𝑒𝑛 <
𝜋
2

√

𝐷𝑒𝑛
𝑘 − 𝑘𝑒𝑛

(30)

For 𝑘 < 𝜆 < 𝑘𝑒𝑛, there are two conditions for Eq. (21) to have no
root:

0 < 𝑘𝑒𝑛 − 𝑘 < 𝜋2∕4 (31a)

ℎ𝑒𝑛 <
𝐷𝑒𝑛

√

𝑘𝑒𝑛 − 𝑘 tan
√

𝑘𝑒𝑛 − 𝑘
(31b)

It is clear that the study by Li et al. (2013) holds for a thin
encapsulation layer (small ℎ𝑒𝑛) such that Eq. (30) holds.

2.5. Thickness decrease of Mg layer

The equation governing the thickness change of the Mg layer is (Li
et al., 2013)

dℎ
d𝑡

=
𝑀𝑤0
𝑞𝜌𝑀𝑤

𝑘∫

1

0
𝑤d𝑧 (32)

here 𝑀 and 𝑀𝑤 are the molar masses of Mg and water, respectively.
is the mass density of the Mg. 𝑞 is the number of water molecules

equired to hydrolyze one Mg molecule. Substitution of 𝑤 in Eqs. (6),
7) and (24) into the above integration gives the thickness ℎ(𝑡) of the
g layer as

(𝑡) = 1 −
𝑀𝑤0
𝑞𝜌𝑀𝑤

𝑘

[

𝑃 𝑡
sinh(

√

𝑘)
√

𝑘

+
∑ 𝐶𝑛,1

𝜆𝑛,1
(1 − 𝑒−𝜆𝑛,1𝑡)

sin(
√

𝜆𝑛,1 − 𝑘)
√

𝜆 − 𝑘
sin

⎛

⎜

⎜

√

𝜆𝑛,1 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛
⎞

⎟

⎟
𝑛 𝑛,1
⎝ ⎠
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Fig. 2. The thickness of the Mg layer ℎ versus time for (a) the baseline values 𝑘 = 0.18, 𝐷𝑒𝑛 = 1, and 𝑘𝑒𝑛 = 0; (b) 𝑘 = 0.4; (c) 𝐷𝑒𝑛 = 10; (d) 𝑘𝑒𝑛 = 0.12.
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+
∑

𝑛

𝐶𝑛,2

𝜆𝑛,2
(1 − 𝑒−𝜆𝑛,2𝑡)

sinh(
√

𝑘 − 𝜆𝑛,2)
√

𝑘 − 𝜆𝑛,2
sin

⎛

⎜

⎜

⎝

√

𝜆𝑛,2 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛
⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

, 𝑘 > 𝑘𝑒𝑛

(33)

(𝑡) = 1 −
𝑀𝑤0
𝑞𝜌𝑀𝑤

𝑘

[

𝑃 𝑡
sinh(

√

𝑘)
√

𝑘

+
∑

𝑛

𝐶𝑛,1

𝜆𝑛,1
(1 − 𝑒−𝜆𝑛,1𝑡)

sin(
√

𝜆𝑛,1 − 𝑘)
√

𝜆𝑛,1 − 𝑘
sin

⎛

⎜

⎜

⎝

√

𝜆𝑛,1 − 𝑘𝑒𝑛
𝐷𝑒𝑛

ℎ𝑒𝑛
⎞

⎟

⎟

⎠

+
∑

𝑛

𝐶𝑛,2

𝜆𝑛,2
(1 − 𝑒−𝜆𝑛,2𝑡)

sin(
√

𝜆𝑛,2 − 𝑘)
√

𝜆𝑛,2 − 𝑘
sinh

⎛

⎜

⎜

⎝

√

𝑘𝑒𝑛 − 𝜆𝑛,2
𝐷𝑒𝑛

ℎ𝑒𝑛
⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

, 𝑘 < 𝑘𝑒𝑛

(34)

.6. Significance of the case 𝜆𝑛,2

The effect of the eigenvalues 𝜆𝑛,2, unaccounted for in prior stud-
es (Li et al., 2013), is studied in this section for representative parame-
ers 𝑘 = 0.18 (Li et al., 2013), 𝐷𝑒𝑛 = 1 (same diffusivity as the Mg layer),
nd 𝑘𝑒𝑛 = 0 (no reaction in the encapsulation layer). The eigenvalues
𝑛,2 come into play for ℎ𝑒𝑛 > 3.7, derived from Eq. (30). Fig. 2(a) shows
he Mg layer thickness versus time. For ℎ𝑒𝑛 = 3.8, slightly above the

critical value of 3.7, the curves with and without the eigenvalues 𝜆𝑛,2
are far separated, indicating the importance to account for eigenvalues
𝜆𝑛,2 for a relatively thick encapsulation. This observation also holds for
other values of 𝑘, 𝐷𝑒𝑛 and 𝑘𝑒𝑛 deviating from their baseline values given
above, such as 𝑘 = 0.4 in Fig. 2(b) (while other parameters are fixed
at the baseline values above), 𝐷𝑒𝑛 = 10 in Fig. 2(c), and 𝑘𝑒𝑛 = 0.12 in
5

Fig. 2(d). f
3. Scaling law for a thick encapsulation layer with no reaction

For an encapsulation layer with no reaction 𝑘𝑒𝑛 = 0 and thickness

ℎ𝑒𝑛∕𝐷𝑒𝑛 ≫ coth
√

𝑘∕
√

𝑘 (35)

the eigenvalues of the eigenequations Eq. (18) are obtained approx-
imately but analytically (see the Appendix A). The time for the Mg
layer thickness decrease 𝛥ℎ is also obtained analytically (see the
Appendix A), and takes the form

𝑡 =
ℎ2𝑒𝑛
𝐷𝑒𝑛

𝑓
(

𝛥ℎ
ℎ𝑒𝑛

𝑞𝜌𝑀𝑤
𝑀𝑤0

)

(36)

here 𝑓 is a non-dimensional function given analytically in the Ap-
endix A, and is shown in Fig. 3. It should be pointed out that this
quation remains the same after the normalized variables (𝑡 and 𝛥ℎ)
nd parameters (ℎ𝑒𝑛 and 𝐷𝑒𝑛) are substituted by their dimensional
ounterparts according to Eq. (2). The above equation gives the scaling
aw between the dissolution time 𝑡 and dissolved thickness of the Mg
ayer 𝛥ℎ. The numerical results show that, for ℎ𝑒𝑛∕𝐷𝑒𝑛 > 100, the
issolution time obtained from the double-layer model in Section 2
s less than 10% different from the scaling law in Eq. (36). The term
‘thick’’ used in our previous discussions refers not merely to a large
alue of dimensionless ℎ𝑒𝑛 but more accurately to a large ratio of
𝑒𝑛∕𝐷𝑒𝑛 (Eq. (35)), where ℎ𝑒𝑛 and 𝐷𝑒𝑛 are all dimensionless. The scaling
aw remains applicable even to encapsulation layers with relatively
odest thickness but low diffusivity.

. Conclusion remarks

We have extended Li et al.’s analytical model of reactive diffusion
or transient electronics (Li et al., 2013) to account for the effect of
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relatively thick encapsulation. It gives a critical thickness of the encap-
sulation layer, above which our results can be substantially different
from those of Li et al. (2013). We have also established a scaling law
for the dissolution time of a thick encapsulation layer with no reaction.
It provides a rather robust way to estimate the dissolution time.
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Appendix A. Analytical solution for a thick encapsulation layer
with no reaction

For 𝑘𝑒𝑛 = 0 and a thick encapsulation layer satisfying Eq. (35), the
eigenvalues of the eigenequation Eq. (18) can be solved approximately
as 𝜆𝑛,2 = 𝐷𝑒𝑛

ℎ2𝑒𝑛
𝑛2𝜋2, 𝑛 = 1, 2,… , 𝑛𝑚. Here 𝑛𝑚 =

⌊√

𝑘
𝐷𝑒𝑛

ℎ𝑒𝑛
𝜋

⌋

denotes
he number of eigenvalues satisfying 𝜆𝑛,2 < 𝑘, where ⌊ ⌋ is the floor
unction. For a thick encapsulation layer, 𝑛𝑚 becomes very large, the
oefficient 𝐶 becomes essentially zero, and the coefficient 𝐶 is
6

𝑛,1 𝑛,2
iven by 2
𝑛𝜋 cosh

√

𝑘
. The dissolved thickness of the Mg layer is then given

by

𝛥ℎ
ℎ𝑒𝑛

=
𝑀𝑤0
𝑞𝜌𝑀𝑤

⎡

⎢

⎢

⎣

𝐷𝑒𝑛𝑡
ℎ2𝑒𝑛

+
∞
∑

𝑛=1

2(−1)𝑛

𝑛2𝜋2

⎛

⎜

⎜

⎝

1 − 𝑒
− 𝑛2𝜋2𝐷𝑒𝑛𝑡

ℎ2𝑒𝑛

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

(A.1)

The equation then leads to the scaling law in Eq. (36).

ppendix B. Comparison between the scaling law and the double-
ayer model

To validate the scaling law, we compare it with the double-layer
odel outlined in Section 2, utilizing parameters 𝑘 = 0.18, 𝐷𝑒𝑛 = 1,

nd ℎ𝑒𝑛 = 100 (Fig. B.4). Two curves exhibit minimal discrepancies,
howing the effectiveness of our scaling law as a robust approximation
or thick encapsulation layers.

Fig. B.4. Comparison between the scaling law and the double-layer model under the
parameters: 𝑘 = 0.18, 𝐷𝑒𝑛 = 1, and ℎ𝑒𝑛 = 100.
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