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Morphable three-dimensional (3D) structures capable of reversible shape changes between
distinct geometric configurations have widespread applications in many important engi-
neering areas. Recent advances in mechanically-guided 3D assembly provided a powerful
approach to achieve morphable 3D mesostructures in a broad set of high-performance ma-
terials, over length scales from several micrometers to tens of centimeters. This approach
relies on prestrained elastomer substrates released with different sequences to trigger the
stabilization of distinct 3D buckling modes in specially engineered 2D precursor struc-
tures. Many of the reported 2D precursor structures are constructed with ribbon com-
ponents that incorporate creases with reduced stiffness at strategic locations. The design
of crease geometries and crease locations is essential to the structural bistability through
this loading-path approach, which requires the development of a theory to serve as the
design basis. This paper presents a finite-deformation model to analyze the stability of
different buckling modes induced during the simultaneous and sequential compressions
of structures with cross-shaped ribbon geometries, a very representative class of precur-
sor patterns. By introducing a perturbation method to obtain an analytic solution to the
deformed configuration of a uniform beam, a theoretical model is developed to predict
the postbuckling deformations in cross-shaped ribbon structures with a prescribed num-
ber of creases. Based on the analyses of the strain-energy landscape, a stability coefficient
is proposed to evaluate the bistability of cross-shaped ribbon structures. The developed
model is validated by finite element analyses (FEA) and experimental measurements of
structures with a broad range of cross-shaped geometries. This model allows the construc-
tion of design diagrams to identify the bistability for a variety of geometric parameters,
including the normalized width and location of each crease in the cross-shaped patterns.
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These results elucidate how to select the various design parameters to achieve bistable 3D
structures through the loading-path approach. Furthermore, the developed model is ex-
tended to the bistability analyses of precursor structures with generalized cross patterns
and cross-shaped patterns consisting of locally stiffened elements. This study offers a the-
oretical reference for the design of ribbon-shaped mesostructures to achieve diverse mor-
phable microelectronic devices.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Morphable three-dimensional (3D) structures whose shapes can be changed and stabilized between different configura-
tions on demand have important implications in many emerging engineering areas, from micro-electromechanical systems
(Ou et al., 2013), to biomedical device (Bolafios Quifiones et al., 2018; Shim et al., 2012), to micro robots (Felton et al.,
2014; Hu et al., 2018), and to metamaterials (Filipov et al., 2015; Lv et al., 2014; Overvelde, 2016; Schenk and Guest, 2013;
Silverberg, 2014; Yang and Silverberg, 2017). A few classes of approaches have been developed to design and manufacture
morphable 3D structures in different types of materials, including those relying on origami/kirigami designs (Babaee et al.,
2016; Bolafios Quifiones et al., 2018; Castle, 2014; Sussman, 2016; Cui et al., 2018; Dudte et al., 2016; Filipov et al., 2016;
Overvelde, 2016; Rogers et al., 2016; Sussman, 2015; Yan, 2016; Zhang, 2015; Huang, 2015), strategically patterned active
materials (e.g., shape memory polymers (Cui et al., 2017; Felton et al., 2014; Guo et al., 2018; Wang et al., 2019; Zhang et al.,
2017a), hydrogels (Gladman et al,, 2016; Jeon et al., 2017; Shim et al., 2012; Zhang et al., 2018b)), and mechanically-guided
assembly through multistable buckling (Fu et al., 2018). The last class of approaches is fully compatible with planar semi-
conductor technologies and processing techniques well established in the electronics industries, thereby offering a versatile
applicability to almost any class of materials (including brittle inorganic semiconductors and piezoelectric ceramics), span-
ning length scales from micrometers to millimeters. In the framework of assembly approaches (Liu et al., 2019; Xu et al.,
2015; Zhang, 2015; Zhang et al., 2017b) that exploit the compressive buckling as a means to realize the controlled 2D-to-3D
transformation, our previous work (Fu et al., 2018) showed that prestrained elastomers released with different sequences can
trigger the stabilization of multiple, distinct 3D buckling modes in specially engineered precursor structures. Fig. 1 (middle
panel) shows a very representative precursor design, with a cross-shaped ribbon configuration that has a four-fold rotational
symmetry. Here, the creases (in green color) with reduced stiffnesses were introduced to trap the structure into the Shape-II
mode during the sequential release of the biaxial prestrain, noting that the geometry of the Shape-II mode is distinct from
that of the Shape-I mode formed during the simultaneous prestrain release. Previous studies demonstrated that only the
designs with sufficiently flexible creases can enable the stabilization of the Shape-II mode. Therefore, the design of crease
geometries and crease locations is essential in the formation of bistable shapes through this loading-path strategy. The
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Fig. 1. Schematic illustration of a morphable 3D mesostructure realized through the loading-path controlled mechanical assembly. The middle top images
are colorized SEM images, while the others are results of finite element analyses (FEA). Reprinted with permission from Fu et al. (2018), Copyright 2018,
Macmillan Publishers Ltd.
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previous studies mainly exploited iterative finite element analysis (FEA) as a basis of structural design, but this ‘trial and
error’ process could be very cumbersome and time-consuming, since the designs usually involved many (e.g., > 5) inde-
pendent geometric parameters. Hence, the widespread utility of the loading-path controlled assembly approach requires the
development of a mechanics theory to provide general guidelines for rapid device design and optimization. Although re-
markable progresses have been made in postbuckling theories of beams and films (Budiansky and Hutchinson, 1966; Chen
et al., 2017; Dias and Audoly, 2015; Fu et al., 2019; Hui, 1988; Ni and Soh, 2014; Pan et al., 2017; Pan et al., 2014; Reis, 2015;
Su et al,, 2012; Xu and Potier-Ferry, 2016), either by energy minimization approaches (Chen et al., 2016a, 2013, 2016b; Jiang
et al., 2007, 2008; Jiao et al., 2017; Liu et al., 2016; Song et al., 2009; Wang et al., 2015) or linear perturbation methods (Fan
et al., 2017, 2018; Lacarbonara, 2008; Su et al., 2012), most of these studies focused on straight beams (Chen et al., 2013,
2016a, 2016b; Jiang et al., 2007, 2008; Jiao et al., 2017; Lacarbonara, 2008; Li et al., 2012, 2013; Miller et al., 2015; Song
et al., 2009; Wagner and Vella, 2013; Wang et al., 2017) or curvy beams (Bian et al., 2017; Fan et al., 2018, 2017; Liu and Lu,
2016; Liu et al., 2016; Ma et al., 2016; Pan et al., 2017; Widlund et al., 2014; Yang et al., 2016) with uniform cross sections.
Very few works were reported to investigate the postbuckling of beam/ribbon structures with non-uniform cross sections,
such as the beam with a continuously changing cross section (Lacarbonara, 2008) or the beam with a stepwise variation in
the cross section (Lacarbonara, 2008; Zhang et al., 2018a). It is noteworthy that the existing theories are not readily applica-
ble to the bistability analyses of non-uniform beam/ribbon structures, as demanded in the loading-path controlled assembly
approach.

The aim of this study is to present a systematic investigation of the postbuckling behavior and reconfigurability of a
representative class of cross-shaped 2D precursor structures, through combined analytical modeling, numerical simulations,
and experimental measurements. By formulating an analytic solution to the deformed configuration of a non-uniform beam
structures with an arbitrary number of segments, this paper developed a theoretical model to analyze the stability of two
typical buckling modes that emerge during the mechanically-guided assembly. The theoretical model allows the construction
of general design diagrams for the reconfigurability of cross-shaped precursor structures with different numbers of creases.
Furthermore, we demonstrate the extension of the developed model to the bistability analyses of precursor structures with
generalized cross patterns or cross-shaped patterns consisting of locally stiffened elements.

2. A theoretical model of postbuckling and bistability of cross-shaped structures

Consider a centrosymmetric cross-shaped structure that consists of four identical ribbon substructures with uniform
thicknesses, as schematically shown in Fig. 2a. Considering the symmetry of the geometry and loading conditions, we
just need to investigate the deformations of a single substructure. Each ribbon substructure contains a certain number
(n=nq +ny) of uniform-width segments, including a number (1) of creases with reduced width as compared to the other
segments (n, in total). Since the thickness of the ribbon structure is typically much smaller than the length of each segment,
the Euler beam theory is adopted to model their deformations.

In this section, we first derive the governing equations of each uniform-width beam segment in Section 2.1, and then
introduced a perturbation method to yield a general analytic solution of rotational angle in Section 2.2. By incorporating
the continuity conditions and boundary conditions of the ribbon substructure in Section 2.3, we determine the deformed
configurations of two buckling modes and a critical intermediate state, from which the corresponding strain energies are
calculated for the stability analyses. Section 2.4 illustrates the validation of the developed model by experiments and FEA.

2.1. Basic equations

Consider a uniform-width beam that deforms in the X-Y plane (Fig. 2b). Due to the slender geometry of the ribbon struc-
ture, the axial deformations are usually negligible such that the arc length of the beam does not change after deformation.
Then the equilibrium equation of a micro-element (dS) in the beam can be given by

% + fxsinf — fycos6 =0, (1)

where fy and f, are the reaction force components along the x and y directions at the left end of the beam, respectively;
and O and M are the rotation angle and the bending moment, respectively.
For a linear elastic material with the Young’s modulus E, the bending moment M in the beam is given by
do
M=El— 2
ds’ (2)
where EI is the bending stiffness of the beam.
According to Eqgs. (1) and (2), the governing equation of a uniform-width beam can be obtained, i.e.,
2 .
{‘és‘j + %(fxsy;@ - fyc’c\J/IsG) =0,S5€e(0.L) ’ 3)
Ols—0 =01, gsls=0 = 7
where 6; and M, are the rotation angle and bending moment at the left end of the beam, and L is the arc length of the
beam.



264 G. Luo, H. Fu and X. Cheng et al./Journal of the Mechanics and Physics of Solids 129 (2019) 261-277

a Pop-up mode
p-up a
Simultaneous
‘ releaV -/ ! N ——)
—_— - - Substructure

Pop-down mode )
3 ~
‘ Sequemm -(/ \1 \-—> , \
release

Beam3 J ‘I(I_Critical configuration
V4

$ E critical

J
Pop down
configuration

7 Pop up
Beam1 configurationA\_
1

X 0 0.2 0.4 0.6 0.8

Epop—down

Fig. 2. Illustration of the theoretical model for the bistability analysis of a cross-shaped structure through the loading-path controlled mechanical assembly.
(a) Schematic illustration of a cross-shaped 2D precursor, the assembled 3D structures with two different modes, and the ribbon substructures. (b) Free-
body diagram of a deformed beam with a uniform cross section, and a unit length element in the beam. (c) Schematic of a ribbon substructure with five
segments, in which each segment marked by different color has a uniform cross section. (d) Strain energy as a function of the out-of-plane displacement
for a typical cross-shaped structure with three creases in the substructure. The insets show the configurations at three different out-of-plane displacements.

Given the forces (fy, fy) and bending moment M;, Eq. (3) has a unique solution 6(S), as detailed subsequently in
Section 2.2, which describes the deformed configuration of the beam. The bending moment of the right end of the beam
can be then calculated by

dae
M, =EI Elgzl_. (4)

2.2. Perturbation method

The perturbation method is used to solve the governing equation (Eq. (3)) of a uniform-width beam. Specifically, we
choose a small parameter p that is proportional to M, such that the angle 6 and arc length S can be normalized as:
=100

S—ps (5)

where the parameters 6, p and p are defined as:

0, = arctan (%) 0p € (_%, %)
_JLEE . ©
p= ET

_ M
n =

Substitution of Egs. (5) and (6) into Eq. (3) gives

a0 | 1 g 3\ —
&5 + psin(uf) =0 .
: 6.6 : ™)
0| =% do|. 1

§=0= "1 gls=0=
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According to the perturbation method, the rotation angle §(S) can be expanded as:

9() 90()-1—01(),“4—92( )M +93( )M +94( )M +95( )/L +96( )M +. (8)

Substitution of Eq. (8) into Eq. (7) gives a series of perturbation equations:

Q:O =+ 90 = O

91 + 91

92 +0, — 790 =0

93 + 05 — 70190 =0 (9)

94 + 04 — 79290 - 9091 + 12090 =

95 +95 + 249 91 1939 — 929091 — *9]3 =0

95 + 95 - —9092 — 79460 + 2490492 501409()7 =0
The boundary conditions of the perturbation equations are given by

_0-8 4 _
60(0) = m ,00(0) = 1 (10)
6;(0)=0,6;(0)=0,i=1,2,3,...

By neglecting the minor terms of the exact solution to Eq. (9) (see Supplementary Information for details), an approxi-
mate solution can be obtained as

60(S) = aRe[ei(Sw)]
B =0
) = PR 2 57 ) gl ]
6:(5)=0
94(5) — d°Re %420:’561'(5'—@ + 3367%1‘25'61'(93@ + &mos'ei(ﬁsw) + %ei(ﬁw) )
SIS s e s s o]
65(5)=0
05(8) = Re[ =BT 1 oSS T0) 4 a2t oS30
% el (5+70) 4 37+18§§0+s%0§2 el(5-3¢) 4 523—872]1’?7—92684%57+48i§3 el (5+¢)
+25085%1254265 el(5-5¢) _ 105—538385232057 el(5+5¢)

9p

where a=4/1+ ( 9” ) and ¢ =2m — arccos( ). Note that the coefficients of the odd power terms in the expansion
(Eq. (8)) can be proved to be zero (see Supplementary Information for details), which simplifies the calculations.

Till now, the explicit expression of 6(S) in terms of the reaction force components (fy, fy, and M) is obtained, which can
be denoted as 6(S; fu.fy, M;). Once the components fy, f;, M, are determined, the deformed configuration of the beam can be
obtained.

2.3. Stability analyses

The continuity conditions require that the rotation angle, moment and force components are continuous at the connec-
tion points of different beam segments in the substructure. Taking a ribbon substructure with five uniform-width segments
as an example (Fig. 2c), the continuity conditions between the ith and (i + 1)th beam segments can be written as

00 (L) = 00+ (0)
M(i) MED ]
£ f(z-lH) jooci=1234 (12)

1
f(l) f(1+ ) fy

where Ml(') and Mﬁ') are the bending moments of the left and right ends of the ith beam, respectively; 8()(S) is the rotation
angle of the ith beam; and L; is the length of the ith beam.
With use of Eqgs. (4), (8), (11) and (12), the rotation angle 8()(S) in the entire substructure can be obtained for prescribed

force components (fy,fy. Ml(l)) and rotation angle (6(1)(0)) at the left end of the 1st beam, by iterating the following steps:

(1) Calculate the bending moment Mﬁi) and the rotation angle 6((L;) at the right end of the ith beam based on Ml(i) and
9®(0) at the left end, according to Eqs. (4), (8) and (11);
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(2) Calculate the bending moment M,(i”) and the rotation angle 8+ (0) at the left end of the (i + 1)th beam according to
the continuity conditions (Eq. (12)).

Note that the force components (fy, fy,M,“)) at the left end are usually unknown and need to be determined by the
boundary conditions of the ribbon substructure. Considering the process of mechanically-guided 3D assembly, the ribbon
substructure can be modeled as clamped at the left end, as shown in Fig. 2c. Due to the geometric symmetry, the rotational
angle at the right end of the substructure is also zero during the deformation. For a given prestrain eyeserain Of substrate in
the 3D assembly, the deformed span (Ax) of the substructure can be determined by

Ax = Ltotal/(‘l + 8prestrain)~ (13)

where L;yq = Z?:] L; is the total arc length of the substructure.
In the meanwhile, the relative distances (AX, AY) between the two ends of the substructure and the rotation angle
(Beng) at the right end of the beam can be calculated by

Li .
fcosOdS

AY (fx, fy, M) = Z(Lfisineﬂ‘)ds : (14)
=10

i=1
Qend(sz fyv Ml) = 0(5)(L5)
The strain energy of the substructure can be calculated by

5. ki 6\’
U, = ;/O 2(E1)i(ds> ds. (15)

Then we analyze the stability of the two possible buckling modes (Shapes I and II), which are termed as pop-up and
pop-down modes in this study. For this, we can study the energy profile of the substructure by applying an increasing
out-of-plane displacement (Ay = u) to the right end, according to our previous work (Fu et al., 2018). As shown in Fig. 2d
for a representative design, the pop-down mode typically denotes the configuration with zero out-of-plane displacement
(Ay =0), and the pop-up mode corresponds to an energy minimal state at a finite out-of-plane displacement. Between
these two modes in the energy profile, there is a critical configuration that gives a local energy maximal. The stability of the
pop-down mode then depends highly on the magnitude of energy barrier (Epyrier = Ecritical = Epop-down) Detween the critical
configuration and the pop-down mode. The following sub-sections describe the boundary conditions and the calculation
method for these three important configurations.

Mo

AX(fx fy: M) =

(S.0]]
-

2.3.1. Configuration of the pop-down mode
The boundary conditions of the pop-down configuration are given by AX = Ax, AY =0, and 8,4 = 0. Then the three
nonlinear governing equations in terms of three independent variables (fy, fy, M;) can be written as

AX(fx, fyv M,) = AXx
AY (fx. fy. M) =0 6)
eend(sz fy7 M[) =0

By using the trust-region-dogleg method, this set of nonlinear equations Eq. (16), together with Egs. (5), (6), (8), (11)-(14),
can be solved numerically (Coleman and Li, 1996), from which the force components (fx, fy, M) are determined. This method
assumes that the nonlinear function is quadratic within the “trust region”, and then solves the constrained optimization
problem of quadratic functions in the “trust region”. If the optimized value is obtained at the boundary of the trust region,
it uses the dogleg method to move and shrink the trust region of the next iteration step to approach the global optimal point
gradually. This method is effective in solving nonlinear equations with a strong nonlinearity. The deformed configuration of
the pop-down mode and the corresponding strain energy (Epop-down) €an be then obtained from Egs. (5), (6), (8), (11)-(15).

2.3.2. Critical configuration

As illustrated in Fig. 2d, the critical configuration corresponds to the state when the strain energy (U.) reaches a local
maximum, i.e., aiuf = 0. According to the energy principle, the y-directional force component (fy) is also equal to the deriva-
tive of the strain energy with respect to the displacement (u), ie., fy = "3% This indicates that f, is zero at the critical

configuration. Then the boundary conditions to determine the critical configuration can be written as

AX(va Ml) = Ax
egnd(fxs Ml) =0 (17)
i) Ug(rgj:lxz. M) <0

Here we just have two independent variables (fyand M;). This set of nonlinear equations (Eq. (17)) are also solved nu-
merically using the trust-region-dogleg method (Coleman and Li, 1996). Then the force components and the strain energy
(Ecriticar) Of the critical configuration can be obtained.
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2.3.3. Configuration of the pop-up mode
The strain energy reaches the local energy minimum at the pop-up mode, and therefore 33% =0 and "’;Lgf > 0. This also
requires that fy = 0. Then the boundary conditions to determine the force components (fy and M;) of the pop-up mode can
be written as
AX(fx, M) = Ax

and(sz Ml) =0 (18)
a Uea(ixzv M) > 0

Similarly, we exploit the trust-region-dogleg method to solve the nonlinear equations (Eq. (18)) numerically (Coleman and
Li, 1996). The deformed configuration of the pop-up mode and the corresponding strain energy (Epop-up) can be then deter-
mined.

2.3.4. Stability coefficient

As reported by our previous work (Fu et al, 2018), the magnitude of energy barrier (Eparrier = Ecritical — Epop—down) 1S
crucial to the stability of the pop-down mode, and the structures with relative large energy barriers tend to maintain the
pop-down mode after the prestrain release. Here, we propose a dimensionless energy barrier normalized by the strain
energy (Epop-down) to quantify the stability of pop-down mode, which is given by

E = Ebarrier ) (19)
Epop—down
This stability coefficient Er can be calculated once the strain energies (Epqp-down and Eqyitical) are determined, as described
in Sections 2.3.1 and 2.3.2.

2.4. Validation of the theoretical model

Both the experiments and FEA were carried out to validate the theoretical model described above. In the experiments,
the planar cross-shaped precursor structures were patterned from polyimide film (PI; 75um in thickness), using automatic
mechanical cutting. A silicone film (3 mm in thickness, Dragon Skin, Smooth-On, USA) served as the assembly substrate. A
commercial adhesive (Super Glue, Gorilla Glue Company, Cincinnati, USA) dispensed at the bonding areas of the cross-shaped
precursor fixed the structure with the substrate. Releasing the prestrain slowly (strain rate < 20%/min) in the substrate with
different sequences completed the assembly of 3D bistable structures. In the FEA, we used the commercial software ABAQUS
to model the deformations of cross-shaped structures, under both the loading conditions of simultaneous compression and
sequential compression. The shell elements (S4R) were adopted for the ribbon structure, and refined meshes ensured the
computational accuracy. The buckling mode determined from a linear perturbation analyses was implemented as a type
of geometric imperfections in the simulations of postbuckling process. A linear-elastic relation was adopted for PI (Young’s
modulus 2.5GPa and Poisson’s ratio 0.34).

Fig. 3 shows the evolution of deformed configurations during the sequential and simultaneous releases of prestrain for
two representative cross-shaped patterns, one with three creases (Fig. 3a) and the other with a single crease (Fig. 3b) in
a substructure of the design. In both cases, the deformed configurations predicted by the theoretical model agree well
with the results of FEA calculations and experimental measurement. It is noteworthy that the thickness of cross-shaped
structures should be carefully selected, since a thick design could possibly result in the delamination of the bonding sites
and the failure of the material. Quantitative mechanics calculations (see Supplementary Information for details) can serve
as a guideline for the thickness design to avoid these issues.

3. Bistability analyses of cross-shaped structures

The developed model in Section 2 allows us to construct general design diagrams with respect to the bistability of the
cross-shaped precursor structures. The three key geometric parameters investigated in this section include the number, the
width and the position of creases in the substructure. The following three sub-sections analyze the bistability of cross-
shaped designs with one, two and three creases in a substructure, respectively.

3.1. Cross-shaped structures with a single crease in the substructure

Depending on their positions, the creases are classified into three categories, including the o crease located at the right
end of the substructure (i.e., the center of the cross pattern), the § crease located in the inner region of the substructure,
and the y crease at the left end of the substructure (i.e., the connection with the bonding sites). This section focuses on the
design with a single crease (either «, B or y crease) in the substructure.

Consider a cross-shaped pattern with a single « crease, as shown in Fig. 4a. Here, we just vary the width of the crease
to study the effect of crease stiffness on the bistability, noting that the length of the crease plays a similar role (Fu et al.,
2018). Then the unique design parameter is the factor of width reduction at the crease, as denoted by w, = W, /W, where
W, and W are widths of the crease and the other regions. The length of the crease is fixed as 0.11, where [ is the total
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Fig. 3. Validation of the theoretical model. (a) Experimental, theoretical and FEA results for the deformed configurations during the assembly of a cross-
shaped structure with the design parameters of (wa, wg, wy, 1g)=(0.2, 0.5, 0.2, 0.65) by sequential loading (left panel) and simultaneous loading (right
panel). (b) Similar results for a cross-shaped structure with the design parameters of (wq, wg, @y, 75)=(0.9, 0.2, 0.9, 0.65). The definition of these param-
eters can be found in Fig. 7a. Scale bars, 2 cm.

arc length of the substructure excluding the crease regions. Fig. 4b presents the results of stability coefficient E, at different
dimensionless crease widths, based on the calculations of exact analytic model (without neglecting the minor terms in the
solution to Eq. (9)), approximate analytic model (using the approximate solution Eq. (11)) and FEA. Both the predictions of
exact model and approximate model agree well with the FEA results. All of the results show that the stability coefficient
E; increases with decreasing the dimensionless crease width w,, indicating that w, should be sufficiently small to achieve
reconfigurable 3D structures through the loading-path strategy.

During the process of 3D assembly in experiments, slight imperfections, such as parasitic adhesion/stiction at regions
adjacent to the bonding sites, can introduce external disturbance that may be significant as compared to the energy barrier.
As a result, the same 2D precursor might not always form the pop-down mode during the sequential release, for a large
number (e.g., > 20) of samples. To investigate the relationship between the stability coefficient E, and the possibility to form
the pop-down configuration during sequential release, statistical studies were performed for cross-shaped patterns with five
different crease widths (wq=0.3, 0.5, 0.6, 0.67 and 0.7), marked as P1 to P5 in Fig. 4b, respectively. Taking the design point
P3 as an example, four 3 x 3 arrays of the cross-shaped patterns were fabricated and each array was chemically bonded to
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a prestrained silicone substrate (Fig. 4c). Then the prestrain was sequentially released in all of the four substrates to form
buckled architectures, and the number of pop-down configuration was counted over all of the 36 samples to calculate the
probability, as shown in Fig. 4d and Figure S1 (Supplementary Information). This type of experiment was repeated three
times to record the probability, and a good repeatability can be observed. According to the statistical results in Fig. 4e, the
probability (P) to form pop-down configurations increases rapidly with increasing the stability coefficient (E;). For the struc-
tures with stability coefficient E; < 0.001, the probability to form pop-down configuration becomes zero, indicating that the
pop-down mode cannot be achieved during the sequential loading. As such, a simple criterion to judge the reconfigurability
of the cross-shaped patterns can be introduced as Er > Epresnoids Where Egresnord 1S the threshold of stability coefficient to
enable bistable configurations. This threshold is taken as 0.001, according to the theoretical and experimental results. Based
on this criterion, two design domains can be identified in Fig. 4b, namely “bistable shapes” and “unique stable shape”. The
design parameters in the right domain (with E; < 10-3) can only yield a unique stable shape (i.e., the pop-up mode), under
both sequential and simultaneous loadings. On the contrary, the design parameters in the left domain (with E; > 10-3) can
possibly yield bistable buckling modes with a certain probability. Inspired by the Boltzmann distribution, an exponential law
can be introduced to describe the dependence of probability (P) on the stability coefficient (Fu et al., 2018), as expressed by

P=1- e*k(Er*Ethres/mld)7 Er > Ethreshold (20)

where k=208.2 is a dimensionless fitting parameter. Similar exponential distributions were also observed in a few multi-
stable dynamic systems (Ashwin et al., 2017; Christ et al.,, 2017).

Fig. 5a shows another representative case of the cross-shaped pattern, with a single B crease in the substructure. Here,
the location of crease denoted by the dimensionless parameter (1) represents another design parameter, in addition to the
dimensionless width (wg) of crease. Fig. 5b and Figure S2 (Supplementary Information) present the theoretical predictions
and FEA results of the stability coefficient E; in a wide range of ng and wg. The curved dashed line (theoretical) and
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solid line (FEA) that correspond to E; = 10-3 are marked in the contour plot. The regime outside these black curves yields
the same configuration (i.e., pop-up mode) for simultaneous and sequential release, due to the insufficiently large energy
barrier. Within these curves, the pop-down mode can stabilize, thereby offering the capability of achieving reconfigurable 3D
structures. This suggests that the crease should be placed near the positions of 7g=0.05 or 1g=0.6, and should be narrow
enough (wg<0.65). As the parameter 7y approaches 1, the B crease degenerates into a y crease. Because of the vanishing
stability coefficient, the design with a single y crease can only yield a unique stable shape through the loading-path strategy.
On the other hand, as the parameter g approaches 0, the 8 crease degenerates into an « crease, and the profile of contour
plot at ng = 0 coincides with that in Fig. 4b. This set of results also provides further evidence about the accuracy of the
theoretical model.

Statistic experiments were carried out for three representative design points marked by ‘P1’, ‘P2’ and ‘P3’ in Fig. 5b. For
each design point, the probability was determined from the experiments over 36 samples, similar to that in Fig. 4. The re-
sults appear in Fig. 5¢,d and Figure S3 (Supplementary Information). The design point ‘P1’ that falls in the “unique stable
shape” domain can only form the pop-up configuration. For the two design points (‘P2’ and ‘P3’) in the “bistable shapes” do-
main, the one with a larger stability coefficient E; has a higher probability to achieve stable pop-down configurations. In this
case, the probability (P) to form pop-down configurations during sequential release also follows an exponential dependence
(Eqg. (20)) on the stability coefficient E, as shown in Fig. 5d, with the fitting parameter k = 83.25.

3.2. Cross-shaped structures with two creases in the substructure

We first focus on the cross-shaped pattern with the coexistence of @ and B creases. As shown in Fig. 6a, the geometry
is characterized by three parameters, including two dimensionless crease widths (wy and wg) and the normalized position
(ng) of the B crease. Again, the lengths of both creases are fixed as 0.11, where I is the total arc length of the substructure
excluding the crease regions. Fig. 6b provides the contour plot of stability coefficient E; in terms of parameters ng and wg,
for a representative width ratio wy = 0.5. The curve of E, = 10~3 divides the design diagram into the domains of “bistable
shapes” and “unique stable shape”. Different from the design with a single S crease as discussed in Section 3.1, the boundary
of the two domains in the design diagram herein changes dramatically with varying the width ratio w, (Fig. 6¢c and d).

For relatively large width ratios of « crease (e.g., wy >0.7), the domain of “bistable shapes” enlarges mainly vertically
with decreasing wq, as depicted in Fig. 6¢. Note that the boundary line becomes identical to the case with a single 8 crease
in Fig. 5b, as w, reaches 1. With the further reduction of w, (e.g., wq <0.6), the boundary of the bistable domain evolves
into two branches, as shown in Fig. 6d. As a result, the domain of “unique stable shape” is separated into two isolated
regions, and these regions shrink with the reduction of w,. As w, falls below 0.2, the bistable domain occupies almost
the entire design space of 0 <7ng <1 and 0.2 <wg <1, suggesting that the pop-down mode is quite energy favorable when
wq <0.2. As shown in Fig. 6d (for w <0.6), when the f crease is positioned in the range of 0.45 <74 <0.75, the design
can yield bistable 3D structures for any value of wg, although the probability increases with the decrease of wg. In contrast,
the design is more probable to form bistable 3D structures at a larger wg, when the 8 crease is positioned in the range of
0.15<ng <0.4 or ng >0.8, according to the varying trend of the stability coefficient Er. Note that the 8 crease degenerates
into a y crease at ng = 1, and in this condition, the pop-down mode can stabilize only when wy is sufficiently small and
wg is sufficiently large. This indicates that the introduction of y crease weakens the stability of the pop-down mode.

The design diagram is also validated by statistic experiments performed for three representative examples marked by ‘P1’,
‘P2" and ‘P3’ in Fig. Gb. Their design parameters are (wq, wg, 75)=(0.5, 0.3, 0.3) (0.5, 0.3, 0.7) and (0.5, 0.3, 0.55), respectively.
Their possibilities to form pop-down configurations are presented in Fig. 6e,f and Figure S4 (Supplementary Information),
which also show an exponential dependence on the stability coefficient, similar to the case discussed in Section 3.1. Here,
the probability also decreases with decreasing the stability coefficient E;, and become zero when E; is below 0.001 for the
design point ‘P1’.

In the scenario that the cross-shaped pattern contains the 8 and y creases, the stability coefficient can be analyzed
similarly, with the results shown in Figure S5 (Supplementary Information). With the coexistence of 8 and y creases, the
domain of “bistable shapes” is obviously smaller than the case with a single B crease.

3.3. Cross-shaped structures with three creases in the substructure

Fig. 7a shows a cross-shaped pattern with the coexistence of «, 8 and y creases. This geometry is characterized by four
design parameters, including three dimensionless crease widths (wq, wg and wy ) and the normalized position (74) of the
B crease. This section focuses on a typical condition, in which the widths of & and y creases are equal to each other, i.e.,
wq = wy. Fig. 7b presents the contour plot of stability coefficient E, in terms of parameters g and wg, for a representative
width ratio wg = 0.5. The boundary curve (E; = 10~3) that divides the design diagram into two domains is marked in the
contour plot. The boundary curves are not very sensitive to the change of wy, according to both the results of theoretical
model and FEA in Fig. 7c. This is distinct from the case with two creases (o and ), as discussed in Section 3.2. Additionally,
the domain of “bistable shapes” in Fig. 7c is smaller than that in Fig. 6 (with o and B creases) and larger than that in
Figure S5 (Supplementary Information) (with 8 and y creases), given the same magnitude of width ratio wy or w,. From
this set of comparison and the results presented in Sections 3.1 and 3.2, it can be concluded that the stability of pop-down
configuration can be enhanced by introducing the « crease, and weakened by introducing the y crease.
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Statistic experiments were performed to verify the design diagram in Fig. 7b. Three design points were selected, with
their parameters given by (@, wg, 1g)=(0.5, 0.3, 0.4), (0.5, 0.3, 0.75) and (0.5, 0.3, 0.65), respectively (see Figure S6, Sup-
plementary Information for details). Similar to the cases with one or two creases, the probability to form pop-down config-
urations also shows a monotonous dependence on the stability coefficient E; (Fig. 7d and e), and become zero when E; is
below 0.001.

In all of the different cases in Figs. 4-7, the predictions of developed theoretical model agree well with FEA results,
suggesting it as a reliable design reference to achieve reconfigurable 3D structures.

4. Extension to other reconfigurable structures

The above theoretical model can be extended to the bistability analyses of other ribbon-shaped 2D precursor structures
where no twisting deformations occur. This section provides two demonstrative examples, including generalized crossed
patterns with unequal arms and cross-shaped patterns consisting of locally stiffened elements.

4.1. Generalized crossed patterns with unequal arms

Fig. 8a shows a schematic illustration of a generalized crossed pattern consisting of a single o crease in a substructure.
Here, the horizontal ribbons are longer than the vertical ribbons, and the creases geometries can vary independently in these
ribbons. The geometry of this structure can be characterized by five design parameters, including the length ratio (I;/l), two
dimensionless crease widths (wy and wy), and two position parameters (1, and 7y), where the subscripts ‘h’ and ‘v’ denote
the horizontal and vertical ribbons. In the stability analyses, both the strain energies of the horizontal and vertical ribbons
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should be taken into account. Let U, and U, denote the strain energies of the horizontal arm and vertical arm, respectively.
Then the total strain energy is given by Uy, = Uy, + Uy. At the critical configuration (or the pop-up configuration) discussed

in Sections 2.3.2 (or 2.3.3), the total strain energy reaches its maximum (or minimum), such that %—f}“' = 0. This requires

that f, + fyv = 0, where f, = Bﬁ% and fyy = % are the out-of-plane reaction forces in the horizontal and vertical ribbons,
respectively. Therefore, the reaction forces (f,, and f,v) are not necessarily zero at the critical configuration, which is different
from the aforementioned discussions. The other analyses are similar to that detailed in Section 2, and are not iterated herein.

Fig. 8b presents a contour plot of the stability coefficient E; in terms of the position parameters (1, and ny), for fixed
length ratio (I;/l, = 1.5) and width ratios (w;, = 0.4 and w, = 0.6). The regime encased by the boundary curve of E; = 10-3
can yield reconfigurable 3D structures through the loading-path strategy, indicating that both the creases of the longer and
shorter arms should be properly positioned. Five representative points in the design diagram were selected to carry out
the assembly experiments, with use of 82% equal biaxial prestrain. The deformed configurations during sequential release
appear in Fig. 8¢, which show good agreements with the theoretical predictions. The results show that only the design point
(‘P2’) with E; > 10~3 gives the pop-down configuration, while all of the others yield the pop-up configuration.

4.2. Cross-shaped patterns with locally stiffened elements

The above reconfigurable designs and those reported previously (Fu et al., 2018) mainly rely on the use of creases with
reduced local stiffness to achieve the bistability of the structures. This section introduces a complementary strategy to realize
bistable 3D structures, by incorporating stiffened segments with locally increased stiffness in the ribbon components. Fig. 8d
shows a cross-shaped pattern consisting of such ribbon substructures, which is characterized by two geometric parameters,
the factor (w) of width increase and the normalized position parameter (7). The stability of this pattern can be analyzed
using the same model developed in Section 2. The contour plot of the stability coefficient E; in terms of the parameters (w
and n) are provided in Fig. 8e. Two isolated bistable domains exist, with one of them in the range of 0.2 <7 <0.45 and the
other in the range of 1 > 0.85. To achieve reconfigurable 3D structures using this design, the width ratio @ should be larger
than 1.3 and the position parameter n should fall in the range of [0.20, 0.45] or [0.85, 1]. Three representative designs were
selected to carry out the assembly experiments, with use of 82% equal biaxial prestrain. The deformed configurations after
sequential release appear in Fig. 8f. The two designs with E, > 10~3 give the pop-down configurations and the other one
yields the pop-up configuration, which is in agreement with the theoretical predictions. The design introduced herein can
be extended to the structures with other multifold rotational symmetry, when the twisting deformations are not significant
during the sequential loading. For example, for the designs with three-fold or six-fold rotational symmetry, FEA results
demonstrate distinct bistable shapes during simultaneous and sequential releases, as shown in Figure S9 (Supplementary
Information).

5. Conclusion

In summary, this paper presents a theoretical model to investigate the bistability of cross-shaped structures during the
loading-path controlled 3D assembly. Three categories of cross-shaped patterns, either with a single crease or with the coex-
istence of two (or three) creases, are studied systematically, through combined theoretical modeling, numerical simulations
and experimental measurements. Validated by the FEA and experiments, the developed model sheds light on the effects of
various design parameters on the bistability of the structure. Based on the stability coefficient E, proposed in this study,
general design diagrams are constructed to evaluable the stability of pop-down configurations, for all of the three categories
of cross-shaped patterns. The results suggest that the stability of pop-down configuration can be enhanced by introducing
the o crease or properly positioned 8 crease. By contrast, the introduction of the y crease always weakens its stability, and
the weakening effect becomes stronger as the width ratio decreases. The design with coexistence of & and f creases yields
the most stable pop-down configuration, as the largest stability coefficient is attained in all of the different cases studied
herein. Furthermore, we demonstrate the extension of the developed model to other ribbon-shaped structures that do not
involve twisting deformations during the assembly, such as the generalized crossed patterns and cross-shaped patterns with
locally stiffened segments. These results provide theoretical guidelines for the design of reconfigurable 3D mesostructures
and microelectronic devices for different targeted applications.
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