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Conformal modulus sensors (CMS) incorporate PZT
nanoribbons as mechanical actuators and sensors
to achieve reversible conformal contact with the
human skin for non-invasive, in vivo measurements
of skin modulus. An analytic model presented in
this paper yields expressions that connect the sensor
output voltage to the Young moduli of the epidermis
and dermis, the thickness of the epidermis, as well
as the material and geometrical parameters of the
CMS device itself and its encapsulation layer. Results
from the model agree well with in vitro experiments
on bilayer structures of poly(dimethylsiloxane).
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These results provide a means to determine the skin moduli (epidermis and dermis) and the
thickness of the epidermis from in vivo measurements of human skin.

1. Introduction

Human skin is a complex living tissue consisting of several heterogeneous layers, namely
the epidermis (composed of the stratum corneum and the viable epidermis) [1], the dermis
(composed of the superficial papillar dermis and the collagen-rich reticular dermis) [2] and
the hypodermis (i.e. the subcutaneous fat) overlying the subcutaneous tissue (i.e. the muscle)
[3]. Although the human skin behaves as nonlinear, viscoelastic, anisotropic, inhomogeneous
and incompressible material [4], the effective Young’s modulus remains a key parameter that
characterizes its overall mechanical properties [5,6]. Determination of the Young modulus of
each component layer of the human skin is of critical importance for cosmetic and clinical
applications, of relevance in the efficacy of cosmetic products such as creams [7], drug delivery
using microneedles or microjets [1], and diagnosis of various skin diseases such as scleroderma,
Ehlers—Danlos and skin cancer [6,8].

For measuring the Young modulus of human skin, various experimental methods have been
developed, e.g. indentation [1,3], suction [2,4,7], torsion [5,9], traction [10,11], elastography [6]
and surface wave propagation [12]. By performing in vivo suction experiments with different
aperture diameters, Hendriks ef al. [2] found a large difference in stiffness between the reticular
dermis layer and the upper layer consisting of the epidermis and the papillar dermis. The results
verified, to a certain extend, the hypothesis that experiments with different length scales can
capture the mechanical behaviour of different layers of human skin. By using a spherical tip with
a large diameter compared with the sample thickness in in vitro microindentation experiments,
Geerligs et al. [1] observed no significant differences in stiffness between the stratum corneum and
the viable epidermis of human skin. From in vivo indentation experiments using a conical steel
indenter with a height of 10 mm, Pailler-Mattei ef al. [3] concluded that it is necessary to take into
account the effect of the subcutaneous fat and muscle to estimate the Young modulus of human
skin correctly. Hendriks et al. [4] showed, however, that contribution from the subcutaneous fat
layer to the mechanical response of the human skin is negligible in suction experiments, using an
aperture size of 6 mm. By measuring the surface waves induced by short impulses via the phase-
sensitive optical coherence tomography, Li et al. [12] successfully evaluated the Young moduli
of the dermis and the subcutaneous fat of human skin. These experiments did not, however,
yield the Young moduli of the thin epidermis, because the excitation frequency and the sampling
frequency they used in in vivo experiments were not sufficiently high.

In recent years, stretchable and flexible electronics have emerged in forms that allow accurate
measurements of electrophysiological signals and thermal and mechanical properties of the
human body [13-23]. Dagdeviren et al. [24] reported a microconformal modulus sensor (CMS)
system that can achieve soft and reversible conformal contact with the underlying complex
topography and texture of the human skin, and surfaces of other organs of the body, to provide
accurate and reproducible non-invasive measurements of the modulus. In this paper, we develop
an analytical model to extend Dagdeviren et al.’s experimental design [24] to simultaneous
determination of the Young moduli of the epidermis and dermis layers as well as the epidermis
thickness. The paper is organized as follows. The geometrical and material properties of the
proposed model are described in detail in §2. The analytic model, which accounts for the
interaction between the CMS system and the multi-layered skin, is discussed in detail in §3. The
analytic model is then compared with a validation experiment. Section 4 presents a strategy to
extract the skin moduli (epidermis and dermis) and the epidermis thickness from data obtained
from the CMS system. The paper concludes with some summary remarks in §5. We emphasize
here that this is mostly an analytical paper, rather than an experimental paper, with figures 3-6
being the main analytical results of our theoretical model.
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Figure 1. Bilayered structure of the human skin and conformal modulus sensor (CMS) system mounted on the surface with
encapsulation, where (x,, z) and (xs, z) are the local coordinates with the origin at the centres of the actuator and sensor,
respectively; (x, z) is the global coordinates. The actuator, the sensor and the surrounding media interact through the resultant,
distributed shear forces T, and 7 at their interfaces.

2. Model description

As shown in figure 1, by neglecting the extremely soft subcutaneous fat [4], the human skin can
be approximately modelled as a bilayered system: an elastic epidermis layer with the thickness
Hepidermis and Young modulus Eepidermis and an elastic dermis layer with the Young modulus
Egermis- The dermis layer is much thicker (e.g. approx. 1 mm [12,25]) than the epidermis (e.g.
approx. 0.1 mm [12,25]) and is therefore simplified as a semi-infinite solid. Their Poisson’s ratios
are 0.5 because of the incompressibility.

A CMS system with an encapsulation layer (thickness Hencap, Young’s modulus Eencap, and
Poisson’s ratio 0.5) is mounted on the surface of the human skin (figure 1). The piezoelectric
actuator (length 24) and sensor (length 2b) in the CMS system are laminates composed of seven
parallel layers with a total thickness of about 5um [24]. The fourth (middle) layer among them
is made of PZT-4 with a thickness of hpzr (0.5 um [24]), and the poling direction of PZT-4 is
along its thickness. The geometrical and material properties of each constituent layer are listed in
appendix A. The spacing between the centres of a pair of sensors and actuators is /.

The model is two-dimensional with plane-strain deformation. The inertia effect is negligible
owing to the low working frequency (below 1000Hz) of the CMS system [24] such that the
harmonic vibrations in the experiments can be treated as a quasi-static problem.

The piezoelectric actuator is subjected to an input voltage Uinput- Under the applied electric
field E, along the poling direction of the PZT-4 layer, the actuator expands in the thickness
direction, and shrinks in the length direction owing to the inverse piezoelectric effect. Because the
length (approx. 10% um [24]) of the actuator (or sensor) is much larger than its thickness (=5 pm
[24]), the length-shrinking mode dominates the deformation. The actuator (or sensor) can then
be modelled as an electro-elastic line with zero thickness [26] to impose a resultant shear force
distribution onto the surrounding media along the interface between the encapsulation layer
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and the epidermis layer at the location of the actuator (figure 1). The shear force deforms the
surrounding media and then lengthens the piezoelectric sensor in its length direction, which
results in an output voltage from the sensor owing to the direct piezoelectric effect under the
open-loop electrical boundary condition.

The analytical solution in §3 gives the relation between the output voltage of the sensor and
the input voltage of the actuator in terms of the Young moduli of the epidermis and dermis layers
and the thickness of the epidermis layer, which forms the basis for measuring the skin modulus.

3. Analytical solution

It should be pointed out that the bending mode also exists during deformations of the laminated
actuator/sensor, but it makes little contribution to the axial strain of the PZT-4 layer, because the
neutral axis of bending of the actuator/sensor is inside the PZT-4 layer. The bending effect of the
actuator/sensor on the output voltage of the sensor is therefore neglected.

(a) Analysis of the actuator and the sensor

As shown in figure 1, let (x4, z) and (x5, z) be the local coordinates with the origin at the centres of
the actuator and sensor, respectively, with the z-axis normal to the interface and x-axis direction
from the actuator to the sensor (figure 1). The resultant, distributed shear force on the actuator
and the sensor, is denoted by 74(xa) and 7s(xs), respectively. Force equilibrium of the actuator and
the sensor requires

a b
|| mterde=0 and | neras=o G8)

—a

which results from the traction-free condition at both ends of the actuator or the sensor,
because (i) the thickness of the actuator/sensor is extremely small (~5um [24]) as compared
with its length (approx. 102 um [24]) and (ii) the Young moduli (approx. 102kPa [24]) of the
surrounding encapsulation and epidermis are many orders of magnitude smaller than that of
the actuator/sensor (approx. 102 GPa [24]).

The equilibrium equations are

7 7

ad ad

E Z Ua(k)(xa)h(k) + Ta(xa) =0 and E Z Us(k)(xs)h(k) + Ts(XS) =0, (32)
k=1 S k=1

where the superscript k means the kth layer of the laminated actuator/sensor; h%), a;k) and as(k)
denote the thickness and the axial stress of the kth layer of the actuator or the sensor, respectively.
Integration of equation (3.2) gives

7 Xa 7 Xs
> ol =~ " nede and Y oPwgr=- | wErds. 63
b

k=1 - k=1 -

The axial strain of actuator and sensor, which should be the same in all constituent layers and
be continuous across their interfaces with the surrounding media, is denoted by ¢, and ¢s. The
constitutive relations for each constituent layer of the actuator and the sensor are [26,27]

=(4)
Ey'ea — epEz/ (k=4) -

sP=1" and o® =EWe,, k=1,2,...,7), (3.4)
Egk)sa, otherwise
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with E, being the electric field in the PZT layer of the actuator and

2 c2 62
Cll—cﬁ k=4 C11_£+7p/ k:4
- 33 ! —() €33 ke
Ey’ = ; Eg' = ;
a E(k) 7 S 7
———, otherwise E® :
1 (k) 27 0 otherwise ’ (35)
- (W) 1— (®)
2
c e
ep =e3] — o332, ke =gz + 2
C33 C33

where Cij €jj and kij are the elastic, piezoelectric and dielectric constants of PZT-4, respectively;
E® is the Young modulus and v® is the Poisson’s ratio of the kth layer.

Substitution of equation (3.4) into equation (3.3) gives the axial strains of the actuator and the
sensor as

1 Ya eph 1 %
sa(xa>=——j raE) déa+ PUE and ey(x) = —— J WE)ds,  (36)
Ka —a a Ks —b
with
7 ~ 7 _
Ka=Y EPn® and Ko= EPH®. (3.7)
k=1 k=1

The second relation of equation (3.6), together with vanishing electric displacement D(xs) =
epés(xs) + keE.(xs) =0 [27] in the PZT-4 layer of the sensor, gives the ratio of the output voltage of
the sensor to the input voltage of the actuator as [27]

Uinput —Ezhpzt  keKsEz 2b

b
U, 1/2b —E',(xs)h dx e 1 (b Xs
output _ (1/2b) [~} [=E2(xs)hpzr] dxs P J dst () dé, (3.8)
) b
where E/(xs) is the distributed electric field in the PZT-4 layer (sandwiched by two electrodes) of
the sensor.

(b) Analysis of the surrounding media

Let e(x; £) denote the normal strain in the x-direction (figure 1) at point (x, 0) (i.e. the interface
between the encapsulation and the epidermis) owing to a concentrated force of unit magnitude
along the positive x-axis (figure 1) applied at point (£, 0). It can be decomposed into two separate
parts as follows (see appendix B)

encap
epidermis

(x/, S) + gfree-surface(x; S), (3.9)

dermis

e(x; ) =¢

where the first term on its right-hand side denotes the normal strain owing to the same force in the
corresponding bimaterial composed of an encapsulation half-plane and an epidermis half-plane;
and the second term accounts for the effects of both the free-surface of the encapsulation layer
and the semi-infinite dermis. Generalization of the method of reverberation ray matrix [28-30]
from elastodynamics to elastostatics gives these two terms as (see appendix B for details)

encap 3 1

e . (&) =— 3.10
epldermls( 5) 27 (Eencap + Eepidermis) X _%_ ( )
and
3 +00
free-surface .
€ Jormi x;§)=— J k) sin [k(x — &)] dk, 3.11
dermis () 27 (Eencap + Eepidermis) 0 U ( ) ( )
with

fk) =c (k) d(k). (3.12)
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Here,
c(k) =[cencap(k) 01x4 01><2]T
(3.13)
and Cencap ()= [eikHemap Hencap e KHenap 1 0]
and
d(k) = [Tiox10 + SKIPKR)] ~'s(k) — s(k), (3.14)

where “T” denotes the transpose of a matrix or a vector, ‘I’ denotes the identity matrix and the
scattering matrix S(k) is defined only in terms of material parameters as

Sfree—surface(k) 04 Ors
S(k) = 04><2 S(k/ a:;icc?gmis) 04><2 , (315)
042 0454 ghalf-space aﬁiifirsmis)
with i
o 0 —1+a 0
2uk —o 0 11—«
ko) =
SEO=1_1¢ o o 0
| 0 l+a 20k @
o . (3.16)
20[k — 7 .
Shalf—space k) =
ko= 77
| 0 1+«
- __1 0
free-surface (1. _
and S () = » _1:|
where . . ) i
encap _ Eencap — Lepidermis epidermis _ Lepidermis — Edermis
O(epidermis - d «o dormis = ) (3.17)

Eencap + Eepidermis Eepidermis + Edermis
are the first Dundurs’ parameter [31] for the encapsulation/epidermis and epidermis/dermis
interfaces, respectively. The phase matrix P(k) in equation (3.14) is defined only in terms of

geometric parameters as

P(k; Hencap) 0154 0152
P(k) = P , 3.18
® |: 0454 P(k; Hepidermis) 042 (3.18)
with
0 0 e kH  Hp—kH
0 0 0 —ekH
P(k; H) = e kH Kt 0 0 (3.19)
0 —e M 0 0
The source vector s(k) in equation (3.14) is defined as
s(k) = [01x2 Sigicdasrmis(k) 014]"
encap (3.20)
and Sepi dermis®© =01 —k 1 —k]

The normal strains in the x-direction (figure 1) of surrounding media along the encapsulation—
epidermis interface at the locations of the actuator and the sensor are denoted by ¢;_, and &j_,
respectively, and are obtained via the principle of superposition as

a

b
6ia(xa) = —J ra(Ea)e (s £) dEs — J ro(Es)e(as & + 1) ds
- -t . (3.21)

and gi—s(Xs) = — ‘[7 Ta (5a) € (Xs; 60 — D) d&q — J . Ts(&s)e(xs; &s) dés
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() Interactions among the actuator, sensor and surrounding media

The continuity of axial strains requires ¢, = €j_, and &s = ¢j_s, which leads to the following coupled
singular integral equations in dimensionless form

Xa H . 1 Ta(ﬁa) 1 _ _ +00 1) ) _
xaj Ta(.:,a)d.:a—}—J Xidua—l—J Ta(aa)daaj f(—)sm[(Xa—.:a)@]d@
-1 - a Za 0 a
Ka (! Ts(&s) LK ! ‘e e
T X, J X Dbl - & Tk, J_ () SJO f(b)
xsinK“Xab_l ) }d O=1 (-1<X,<1), (3.22)
and
Xs 1 T(& 1 +00 ®
ASJ TS(ES)dES+J §(E) duS+J Ts(Es)dESJ f<3>sin[(xs—ss)@]d@
-1 -1 s — &g -1 0
Ks (! Ta(Za) Ks Jl J+°° e
— =2 _d~& — Ti(E,)dE. —
S A e R o I NCAEEY N
xsin[(w—a'a)@]d@zo (=1 <X, <1) (3.23)
a

where X, =x,/a, Xs=xs/b, function f is given by equation (3.12), and the other involved
dimensionless functions and parameters are defined as
a Ta(aZa) 1 b w(b&s)

and Ts(&s)=—

T (u )_ N ’
BT K hpzr epE: 7 kshpzr epE:

(3.24)

and
27a(Eencap + Eepidermis)
3Ka

2mb (Eencap + Eepidermis)
3K,

and A=

a= (3.25)

The solution of the coupled singular integral equations (3.22) and (3.23) has a square-root
singularity at & ==+1. Therefore, the shear force can be generally expressed in terms of the
expansion of Chebyshev polynomials of the first kind as follows [26]

1 +00
Y _CiTu(8a) and Ts(8s)= ——=

- CT(u)

where T, is the nth-order Chebyshev polynomial of the first kind, and Cj and C; are the
coefficients to be determined. Equation (3.26) satisfies the force equilibrium conditions in equation
(3.1) and also the boundary conditions for the axial force at two ends of the actuator or the sensor
as follows

Ta(&a) = (3.26)

7 7
Y oPEap® =0 and Y P Ebh® =o, (3.27)
k=1 k=1

owing to the orthogonality of Chebyshev polynomials.

Substitution of equation (3.26) into equations (3.22) and (3.23) leads to a set of linear
algebraic equations for determining the coefficients C; and C;, (see appendix C for details).
Their dependence on the Young moduli Eepidermis and Edermis of the epidermis and dermis and

the thickness Hepidermis Of epidermis is through three dimensionless parameters: Hepidermis/4,

idermi . .
O‘E;fgsrmi s S}e’;nirsmls. The ratio of the output voltage of the sensor to the input voltage of the

actuator is related to the coefficient Ci by

and «

uoutput _ _12 e%;hPZT/ke (Eencap + Eepidermis)b cs.
Uinput 6 Ks Ks !

(3.28)
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Figure 2. The output voltage of several sensors, normalized by the input voltage of the actuator, is obtained from the analytic
model and experiments. (Online version in colour.)

(d) Comparison with experiments

The above-mentioned analytical model is validated by comparing with a model experiment
with a 150 um thick, relatively stiff poly(dimethylsiloxane) (PDMS, Young’s modulus 1800 kPa)
on a thick soft PDMS (Young’s modulus 10kPa). Their large mismatch in Young’s moduli

. epidermis
gives «

dormis > 1 from equation (3.17). The CMS system, mounted on the surface of the stiff
PDMS, has a silicone encapsulation layer with the Young modulus Eencap =60 kPa and thickness
Hencap =20 pm. The large elastic mismatch between the encapsulation layer and stiff PDMS gives

:;fgsrmi s ¥ 1. The CMS system consists of one actuator (length 2a =140pm) and five identical
sensors (length 2b =60 um), with the distance between the centres of the actuator and the sensors
I =300, 900, 1500, 2100 and 2700 um, respectively. The detailed structures of the actuator and
sensors as well as their geometric and material parameters are given in appendix A. Figure 2
shows the output voltage of all five sensors, normalized by the input voltage of the actuator. The
comparison indicates a good agreement between the data from our validation experiment and
the prediction from our analytical model without any parameter fitting. For applications to the
human skin, the comparison of experiments with the theory gives the real skin modulus.

The usefulness of the analytic model is to determine the Young modulus and thickness of
the relatively stiff PDMS layer from the output voltage in the experiments by solving an inverse
problem. For a CMS device with encapsulation (with known material and geometric parameters),
the normalized output voltage in equation (3.28) depends on the Young modulus and thickness of
the stiff PDMS layer. Minimization of the difference in the output voltage between the analytical
model and experiments for all sensors gives the Young modulus 1600 kPa and thickness 140 pm,
which are 11% and 6.7% less than their values in experiments. This error mainly results from
two orders of magnitude in elastic mismatch between the stiff PDMS layer (1800 kPa) and the
encapsulation layer (60 kPa) and the soft PDMS (10 kPa). It is expected that this error will decrease
significantly for measurement of skin modulus, because the Young moduli of epidermis (approx.
10% kPa [24,32]), dermis (approx. 10% kPa [32]) and encapsulation layer (60 kPa) are all on the same
order of magnitude.

4. Astrategy to determine Young's moduli of epidermis and dermis

A strategy to simultaneously determine the Young moduli Eepidermis and Egermis and the thickness
Hepidermis is proposed in this section. Figures 3-5 show the output voltage of the sensor (length
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Figure 3. The normalized output voltage of the sensor versus the Young modulus of epidermis for several values of epidermis
thickness. Here, E germis = 30 kPa. (Online version in colour.)

0.12 T T T T T T T
- Hepidermis =150 pm
0.11 k> = = = Hepigermis=120um | 7]
o E He idermiszgo um
‘O 0.10 s o Hc;:idcrmiszéo pm |
‘é 0.09 |- o
SENY ST
B ot
° 0.07F e s 1
0.06 Nl e ™ 1
0.05 ; ; ; y ‘ ' ' '
10 20 30 40 50 60 70 80 90 100

E dermis (kPa)

Figure 4. The normalized output voltage of the sensor versus the Young modulus of dermis for several values of epidermis
thickness. Here, Eepigermis = 150 kPa. (Online version in colour.)

2b=60pm) on the Young moduli Eepidermis Of the epidermis and Egermis of the dermis, and the
thickness Hepidermis Of the epidermis layer, for the actuator length 2a=140um and a distance
[=300um between the actuator and sensor. The encapsulation layer has Young’s modulus
Eencap = 60 kPa and thickness Hencap =20 um. The output voltage of the sensor, normalized by the
input voltage of the actuator, displays an approximately linear dependence on Ecpidermis (figure 3).
However, its dependence on Edermis and Hepidermis are non-monotonic (figures 4 and 5). These
non-monotonic dependences may create difficulties to uniquely determine Egermis and Hepidermis,
which is common for all inverse problems.

The CMS system is redesigned in the following to scale its size proportionally as (24,
2b, I) = 2. (140, 60, 300 um), where 1 is the scaling factor. For Eepidermis = 150 kPa, Egermis = 30kPa,
Eencap = 60 kPa and thickness Hencap =20 um, figure 6 shows the normalized output voltage of
the sensor versus the scaling factor 2 for several values of Hepidermis ranging from 50 to 200 pm.
The output voltage of the sensor increases monotonically with A either A <1/5 or A >5, which
correspond to small and large sizes, respectively, when compared with the thickness of the
epidermis. For 1 <1/5, the output voltage of the sensor is insensitive to the thickness of the
epidermis, which suggests that the effects of both the thickness of the epidermis and the modulus
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Figure 5. The normalized output voltage of the sensor versus the thickness of the epidermis for several values of epidermis
modulus. Here, £ germis = 30 kPa. (Online version in colour.)
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Figure 6. The normalized output voltage of the sensor versus the scaling factor A for several values of epidermis thickness.
Here, Eepigermis = 150 kPa and £ germis = 30 kPa. (Online version in colour.)

of dermis are negligible. These observations suggest the use of a CMS system consisting of
two sets of actuator/sensors. One set has small-size actuator and sensors with (2asmail, 20smail,
Ismall) approximately one-fifth of the representative thickness of the epidermis, to determine
Eepidermis independently. Another set has large-size actuator and sensors with (2a1arge, 2b1arge,
harge) approximately five times of the thickness of the epidermis, to determine Egermis and
Hepidermis simultaneously after Eepidermis is determined.

5. Concluding remarks

An analytic model is developed for use of a CMS system to determine the Young moduli of
the skin, including the epidermis and the dermis, as well as the thickness of the epidermis. The
piezoelectric thin-film actuator and sensors in the CMS system interact with the human skin as
well as the encapsulation layer through the interfacial shear stress distribution over the surface
of the actuator and sensors. The analytical model agrees well with the in vitro experiments for
a bilayer structure of PDMS, without any parameter fitting. For evaluation of human skin, the
analytical model suggests a design for a CMS system that consists of two sets of actuator and
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sensors. A set of small-size actuator and sensors determines the Young modulus of epidermis,
whereas a set of large-size actuator and sensors determine the thickness of the epidermis and the
Young modulus of dermis.
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Appendix A

The actuator or sensor in the CMS system [24] consist of seven layers

PI (h; =2.4pm, E1 =2.5GPa, v1 =0.34)
Au (hp =300nm, E; =78 GPa, v, =0.44)
Cr (h3 =10nm, E3 =279 GPa, v3 =0.21)
PZT (hy =500 nm) (A1)
Pt (hs =300 nm, E5 = 168 GPa, v5 = 0.38)
Ti (hg = 20nm, Eq =110 GPa, vg = 0.34)
and PI (hy =1.2um, E7 =2.5GPa, v; =0.34),

where i, Ex and vy denote the thickness, Young’s modulus and Poisson’s ratio of the kth elastic
layer, respectively. The polyimide (PI) layer on the Au-electrode side is in direct contact with the
skin.

The PZT layer (layer 4) in the actuator or sensor is transversely isotropic with its poling
direction along the layer thickness. Their elastic, piezoelectric and dielectric coefficients are [33]

C11 = 139 GPa, C12 = 77.8 GPa, C13 = 74.3 GPa,

(c11 — ¢12)
2 (A2)
e31=—698Cm™2, e33=138Cm™2, e¢5=134Cm™2

C33 = 113 GPa, Cqq4 = 25.6 GPa, Ce6 =

and ki1 =6.0 x 1077 C2(Nm?)~!, k33 =547 x 1072 C2(Nm?)~.

Appendix B

The fundamental solution for the layered half-plane owing to a horizontal unit point-force at
the interface is obtained below, following the method of reverberation ray matrix [28-30]. The
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Figure 7. Dual coordinates for the encapsulation, epidermis and dermis.

general solution for the displacements and stresses in an incompressible medium under plane-

strain condition can be expressed as

_ 991 ¢ _ 991 99
M=% T BT a2 +Zaz 2
2E (0%p1 | 0% 2k (%01 | e g\ |’
d == z , =2 4z—1= - =
an B1=7 <3xaz + 9x0z 9B=73 | 92 * 322 0z

where E is Young’s modulus, and ¢ and ¢, are two harmonic functions that satisfy

92 92 92 92
@1 P10 and 0%2, 002,

9x2 922 dx2 922

The application of the Fourier transform

N +00 .
o =J i) e ™ dx,

(B1)

(B2)

(B3)

to equations (B1) and (B2) gives the general solutions of displacements and stresses in the

transformed domain as
i11(z; Ae, D) = ik[(A1 €7 4+ Dy e M%) 4 2(A5 el¥? Dy e K1)
i13(z; Ag, D) = k(A1 €/ — Dy e7%) — (A7 e + D, &™)
+ [klz(Ag e — Dy 7182

f =1,2,
&31(z; Ag, De) = %iklkilml el _ Dy e2) 4+ (4, el Dy iz [ 1078

2F
633(z; A, D) = ?[kz(Al ez 4 Dy e 12y 4 K22(A, elkZ + D, e~ K17

— [k|(Az el — Dy e~ lkIZ)]

(B4)

where |k| denotes the absolute value of k, and Ag =0 for the semi-infinite medium shown in
figure 7, which also shows dual local coordinate systems, distinguished by the superscripts, for
each layer. For convenience, we label the modulus (and thickness) of the encapsulation layer,
epidermis and dermis by the superscripts 12, 23 and 34, respectively. The general solutions for
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the encapsulation layer and epidermis in dual local coordinates can be expressed as

. I Al . 1 I
ul(zU;Agj, DE]) ul(Zﬂ;Aé , Dé )
(27 A1, DY) i AL, DI}
o o for=12,23, (B5)
sn@Al,D)  en@h Al DL
53 A, D?) 533(Z][;Ag, Dg)
and that for dermis in local coordinates as
ii1(z>0,D}"), i3(z>%0,D3), 631(2%0,D7") and 633(z*;0,DF). (B6)
The two sets of solutions in equation (B 5) should satisfy the following relations
in(2V; 4], D)) = i@ - 2; AL, Df))
in(zV; A, D)) + iz (11 — 2V AL, D]y =0
for IJ = 12,23, (B7)
6317 A, D)) + g1V — 2V, AL, D]y =0
333(ZU;Ag, Dg) =63(HY - ZU;AQ,DQI)
which leads to
Al pY
A 1
2 _ply ! 28 forj=12,23, (BS)
Al i
1 1
JI JI
AZ DZ
with
r o 0 o~ KHT  gI] o—IkIH"
0 0 0 —e~kiH!
PH) = , ' . (B9)
e~ KHY Il o—IkIH 0 0
L o —e~kiH" 0 0

The traction-free surface of encapsulation layer and the perfectly bonded interfaces between
adjacent layers require
631(0; AP, D) =0
(B10)
and 633(0; A%, D) =0,

i(0; A7, D) = in(0; A7, D)
i13(0; AP, DF) + i13(0; A}', DF') =0

(B11)
631(0; AP, D) + 631(0; AZ', D) + 1=0

and 633(0; A7, DF) = 633(0; A7, DY),
and
i11(0;0,D3*) = 1 (0; A, D)

i13(0;0, DZ*) + 113(0; A%, DF?) = 0
(B12)
631(0;0, D) + 631(0; A, D) + 1=0

and 633(0;0, D3") = 633(0; A*, D).
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Equations (B10), (B11) and (B 12) can be rewritten as

A%Z DlZ
Sl 12 + { 12} = 0/
A, D3
21 21
A Dy 1
21 21
S A n Dyl 3 L
2 A p3 [ ER2+E22ikk| | 1
— k|
23 23
AZ DZ
32
Dy
A32 D32
and S3 ;2 + §4 =0,
AZ Dl
34
D;
where
-1 o0
S1= 20k| —1} ’
i —ap 0 —1+a 0
S, — 2007 |k| —an 0 11—
2Tl 1-aw 0 o0 0
L 0 1+ay —2alk| o
0 —as3 0
a3 k| —a3
d S3= ,
an 3 —1—ag 0
L 0 1+ a3
with
ElZ _ E23 4 E23 _ E34
=t ps MY BT

Equations (B13), (B14) and (B 15), together with equation (B 8), yield
3 1

ET 1 B 2K (110x10 + S10x8P8x10) "' s10x1

Diox1 =

and Agx1 =Pgx10D10x1
where Igx 10 is the identity matrix
D1 ={D}> D}* D3 D3' D¥ p¥ D DP D} DM
and Aga1={A]2 A2 AZL A0 AB AR AR AR
Pg,10 and Soxg are the phase matrix and scattering matrix given by
P(H'2) 044 Op2
Pgx10= s
044 P(H?) 04x2
and
S1 02xa 022
Siox8=1{04x2  S2 O4x2 |,

04x2 Osx4 S3

(B13)

(B14)

(B15)

(B16)

(B17)

(B18)

(B19)

(B20)

(B21)

(B22)

(B23)
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respectively, and sjox1 is the source vector
s10x1={0 0 1 —k 1 —kl 0 0o 0o o~ (B24)

By the inverse Fourier transform

1 +o00 &
fo =5 | Fmea (B25)

the normal strain in the x-direction along the encapsulation/epidermis interface can be derived
in the physical domain from equations (B4), (B8) and (B 20) as

0 1 +0o0 R ;
e11(x) = Py [7277 J ul(O;AZl,Dgl)ek" dk}
—0o0
_ 1 3 J+m k

= T iECLED ) . m{e"k‘le H2 e WH? 1 01,7} (Tiox10 + S10x8Psx10) 51051 €/ dk
1 3

+00
T T OMEZ+ EB Jo fe HH?  H2ekHZ 1 0 2} (Tiox10 + S10x8Psx10) s10x1sin (k) dk,
(B26)

Equation (B 26) can be further decomposed into two separate parts as
e11(x) = e M) + e (v), (B27)

where eg’i'material denotes the normal strain in the x-direction along the encapsulation/epidermis
interface owing to the same force in the corresponding bi-material composed of an encapsulation
half-plane and an epidermis half-plane defined as

gbi-material(x) _ 1 3 oo 5{ —|k|H'? H12 —|k|H'? 1 0 }S eikx dk
11 = 47i E12 +E23 . |k| e e 1x7s510x1
13 (Y k. 3 1
S S S A B28
IriE2 4 B3 J_oo ik 2(E2 4 ED) x (B28)

and sil is the complementary part defined as

1 3

C —_— —
M= s

+00 k |
X J m{e—|k\le H12 o~ kIH? 1 01x7HTox10 + Sle8P8><10)_1 — T0x10l510x1 ok* dk
—0oQ0

13
© 2mER 4B
T kR 12 ok -1 i
X . {e” H'%2e™ 1 01x7}[(T10x10 + S10x8Psx10)~ — T10x101810%15in (kx) dk.

(B29)

Appendix C
The infinite series in equation (3.26) for the normalized shear stress is truncated to the Nth
term when substituted into equations (3.22) and (3.23). Multiplying /1 — X2U,,—1(Xa) and

/1 — X2U,,_1(Xs) on both sides of equations (3.22) and (3.23), and then integration from —1 to
+1 with respect to X, and X, respectively, give a set of linear algebraic equations for C;; and C}
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as
N
D (ARG + A3, SCS)_—ﬂsml
C1
N (C1
and D (A5,2C + A5,°C) =0,
n=1

where Uy, is the nth-order Chebyshev polynomial of the second kind, § ijis the Kronecker delta,
and

Ajn” = 8mn — Aamn + COSM J+m Zﬂ]m(o)]n(o)f ( )
2 0

a—s Ka +oo 2mb ae (m _ 1’1)7'[ 16 :
Amn® = . J —om ( )]n(O) [f( ) + 1} cos [# - 7} de

o ;o (€2
Asm—ns =0mn — )\.sgmn + COSM ‘[0 7]771(0)]”(0”‘ ( >

2
400 _ ®
and  ASA= %J Zb%]m ( )]n(O) [f( ) + 1} cos [@ + 170} de

with ], being the nth-order Bessel function of the first kind. The function g;;; in equation (C2) is
defined as

4m[(=1)"" + 1] . >
f(m— 1;
@ = 1 7200 = m)* = 1[(m +n)* =11 oA : (C3)
0, if(m—n2=1
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