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Development of advanced synthetic materials that can mimic the mechanical properties
of non-mineralized soft biological materials has important implications in a wide range of
technologies. Hierarchical lattice materials constructed with horseshoe microstructures
belong to this class of bio-inspired synthetic materials, where the mechanical responses
can be tailored to match the nonlinear J-shaped stress–strain curves of human skins. The
underlying relations between the J-shaped stress–strain curves and their microstructure
geometry are essential in designing such systems for targeted applications. Here, a the-
oretical model of this type of hierarchical lattice material is developed by combining a
finite deformation constitutive relation of the building block (i.e., horseshoe micro-
structure), with the analyses of equilibrium and deformation compatibility in the peri-
odical lattices. The nonlinear J-shaped stress–strain curves and Poisson ratios predicted by
this model agree very well with results of finite element analyses (FEA) and experiment.
Based on this model, analytic solutions were obtained for some key mechanical quantities,
e.g., elastic modulus, Poisson ratio, peak modulus, and critical strain around which the
tangent modulus increases rapidly. A negative Poisson effect is revealed in the hierarchical
lattice with triangular topology, as opposed to a positive Poisson effect in hierarchical
lattices with Kagome and honeycomb topologies. The lattice topology is also found to have
a strong influence on the stress–strain curve. For the three isotropic lattice topologies
(triangular, Kagome and honeycomb), the hierarchical triangular lattice material renders
the sharpest transition in the stress–strain curve and relative high stretchability, given the
same porosity and arc angle of horseshoe microstructure. Furthermore, a demonstrative
example illustrates the utility of the developed model in the rapid optimization of hier-
archical lattice materials for reproducing the desired stress–strain curves of human skins.
This study provides theoretical guidelines for future designs of soft bio-mimetic materials
with hierarchical lattice constructions.
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1. Introduction

Research over the last decade has yielded rapid and substantial advancements in the field of materials science that draws
inspiration from the nature, as an important approach to the design and synthesis of new materials (Aizenberg, 2005;
Capadona et al., 2008; Cranford et al., 2012; Kim et al., 2013; Ma et al., 2013; Morin, 2012; Ortiz and Boyce, 2008; Pokroy
et al., 2009; Sanchez et al., 2005; Wegst et al., 2015; Wong, 2011). Among many examples, bio-inspired structural materials
are of growing interest, due to utility of the types of complex and hierarchical micro/nano-structures that are found in most
biological systems (Meyers et al., 2013; Ortiz and Boyce, 2008; Wegst et al., 2015). The mechanical and functional perfor-
mances are attractive for applications in a wide range of engineered systems.

Two broad classes of structural materials can be found in biology (Meyers et al., 2013): (1) mineralized hard materials,
mainly in the form of hierarchically assembled composites that combine minerals (e.g., calcium carbonate and amorphous
silica) with organic polymer additives (e.g., collagen); and (2) non-mineralized soft materials, typically constructed with
wavy, fibrous constituents (e.g., collagen, keratin and elastin) that are embedded in extracellular matrices. Representative
examples of the former type include bone, seashell and teeth, which exhibit remarkable combinations of high stiffness and
toughness. The underlying mechanisms of their extraordinary mechanical properties associate their resistance to fracture
with hierarchical constructions of microstructures (Evans et al., 2001b; Gao et al., 2003; Jackson et al., 1988; Launey et al.,
2010; Lin and Meyers, 2009; Schaffer et al., 1997; Song and Bai, 2001). In particular, the ‘brick-and-mortar’ arrangement of
organic constituents and minerals enhances the fracture toughness, partially due to the deflection of cracks around the
‘bricks’ instead of through them (Launey et al., 2010). A number of synthetic materials with similar microstructure con-
structions were fabricated and characterized (Bonderer et al., 2008; Bouville, 2014; Mayer, 2005; Munch et al., 2008; Tang
et al., 2003; Weiner and Addadi, 1997). Furthermore, both theoretical and computational models were developed to study
the various mechanical properties (e.g., elastic modulus, ultimate strength, buckling resistance), to provide important
guidelines for optimal design (Buehler et al., 2006; Ji, 2008; Ji and Gao, 2004, 2006, 2010; Ji et al., 2004; Kauffmann et al.,
2005; Yao and Gao, 2007; Zhang et al., 2010, 2011). By contrast, non-mineralized soft biological materials refer to biopo-
lymers such as collagen and viscid spider silk, which possess simultaneously low elastic moduli, large levels of stretchability,
and relatively high tensile strengths. Recent studies show that an unconventional J-shaped stress–strain curve, induced by
molecular uncoiling and unkinking under low stress, can yield superior mechanical properties (Fratzl et al., 1998; Gautieri
et al., 2011; Keten et al., 2010; Komatsu, 2010; Meyers et al., 2013; Miserez et al., 2009; Provenzano et al., 2002; Simmons
et al., 1996). Despite promising applications in tissue engineering and biomedical devices, the development of soft synthetic
materials with matching mechanical properties has received far less attention (Hong, 2011; Jang et al., 2015; Naik et al.,
2014) compared to that of mineralized biological materials, in part due to the complex, irregularly distributed
microstructures.

Recently, Jang et al. (2015) introduced a class of soft network composite material that embeds an ultralow-modulus
(�3 kPa) matrix with an open, stretchable network as a structural reinforcement. The studied network consists of a hier-
archical lattice pattern that combines two-dimensional (2D) lattice topologies (e.g., triangular, Kagome and honeycomb) of
cellular materials (Chen et al., 1999; Deshpande et al., 2001; Evans et al., 2001a; Fleck and Qiu, 2007; Hutchinson and Fleck,
2006; Kang et al., 2014, 2013; Lu and Chen, 1999; Zhang et al., 2008) with stretchable horseshoe/serpentine microstructures
(Hsu et al., 2009; Kim et al., 2011, 2008; Widlund et al., 2014). Preliminary finite element analyses (FEA) and experimental
measurements (Jang et al., 2015) demonstrate that such hierarchical lattice materials can be tailored to match the nonlinear
J-shaped stress–strain curves of human skin, thereby offering great promise for applications in tissue engineering (Naik
et al., 2014; Yannas and Burke, 1980). Such J-shaped stress–strain curves combine soft, compliant mechanics and large levels
of stretchability, with a huge modulus enhancement at large strain that offers a relatively high mechanical strength si-
multaneously. Integrating all of these mechanical attributes in a single system is very attractive for achieving a mechanically
robust form of stretchable electronics (Jang et al., 2014) that could improve the survivability substantially in bio-integrated
applications (Kim et al., 2011; Rogers et al., 2010; Xu et al., 2014; Yao and Zhu, 2014; Zhang et al., 2014). The underlying
relations between the J-shaped stress–strain curves and the microstructure geometric parameters of hierarchical lattice
materials require, however, a relevant mechanics theory, as the basis of a design approach for practical applications. Op-
timization of hierarchical lattice materials for desired nonlinear mechanical response is prohibitively time-consuming based
on FEA. In this study, a theoretical model of hierarchical lattice materials is developed to study the deformation mechanisms
and to predict the J-shaped stress–strain curves. Quantitative comparisons with FEA and experimental results illustrate its
validity. Based on this model, analytic solutions were obtained for some key mechanical quantities (e.g., elastic modulus,
peak modulus, Poisson ratio and critical strain around which the tangent modulus increases rapidly). Both negative and
positive Poisson ratios were found in this class of hierarchical lattice materials, which show nonlinear and anisotropic
characteristics at large levels of stretching. Furthermore, a demonstrative example shows that the developed model can be
employed to enable rapid optimization of microstructure geometry for matching precisely the stress–strain curves of human
skins.

The paper is outlined as follows. Section 2 illustrates the design concept and geometry of the hierarchical lattice ma-
terials. Section 3 describes a finite deformation model of the building block, i.e., a filamentary wire in the horseshoe pattern.
In Section 4, this model was combined with the analyses of equilibrium and deformation compatibility in the periodical
lattices, to formulate a theoretical model for the hierarchical lattice materials. Section 5 presents the analysis of key me-
chanical properties as well as the effect of lattice topology, using the developed theoretical model and FEA. Section 6



Fig. 1. Geometric construction of the hierarchical lattice materials: (a) the building block (straight wire) of traditional lattice materials in comparison to the
building block (horseshoe wire) of hierarchical lattice materials; (b) traditional triangular versus hierarchical triangular lattice materials; (c) traditional
Kagome versus hierarchical Kagome lattice materials; (d) traditional honeycomb versus hierarchical honeycomb lattice materials.
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introduces a design optimization of hierarchical lattice materials for reproducing the desired J-shaped stress–strain curves.
The conclusions are drawn in Section 7.
2. Geometry of hierarchical lattice materials with horseshoe microstructures

The key building block of the hierarchical lattice design is a horseshoe microstructure, as shown in the bottom panel of
Fig. 1(a), which renders a much higher flexibility and larger stretchability than a straight microstructure shown in the top
panel of Fig. 1(a). The horseshoe microstructure consists of two identical circular arcs, each with an arc angle of θ0, radius of
R0, and width of w, and its span is θ= ( )l R4 sin /20 0 . For a horseshoe microstructure under relatively small stretching between
the two ends, the deformation is clearly bending dominated due to its initial curvature. As the horseshoe microstructure is
fully stretched to an approximate straight wire, the deformation becomes stretching dominated. Such a transition from
bending- to stretching-dominated deformation modes gives the effective modulus of the horseshoe microstructure in-
creasing with the applied strain, which attributes to the formation of J-shaped stress–strain curve. This mechanism is similar
to that revealed in a single protein molecule (such as the tropocollagen molecule) (Buehler and Ackbarow, 2007; Buehler
et al., 2008), which also involves unfolding of a wavy and/or helical microstructure during the pulling experiment. Elas-
tomers (such as polyimide and PDMS) (Chang et al., 2008; Khang et al., 2006; Lu et al., 2007) with relatively large fracture
strains (e.g., 10%) are ideal materials for the horseshoe microstructures, since they could survive the unfolding process (i.e.,
from a wavy wire to an approximate straight wire).

To form 2D material based on this building block, the design concept of lattice materials (Deshpande et al., 2001; Fleck
and Qiu, 2007; Hutchinson and Fleck, 2006) can be adopted, with the horseshoe microstructure to connect each pair of
nodes with nearest distance. Three representative lattice topologies, namely the triangular, Kagome and honeycomb lattices
as shown in the top panels of Fig. 1(b)–(d), which all offer elastic isotropy at small strain, are studied in this paper. After
replacing the straight wires of the three lattices by the horseshoe wires, the hierarchical lattice materials with horseshoe
microstructures (referred to as “hierarchical lattice materials” for simplicity in the following) are constructed in the middle
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panels of Fig. 1(b)–(d). The thickness of hierarchical lattice materials is assumed to be much larger than the width of
horseshoe microstructures, such that the lateral buckling would not be triggered due to the energetic preference of in-plane
deformations, as opposed to out-of-plane deformations (Zhang et al., 2013).

The hierarchical lattice material is represented by two non-dimensional parameters, i.e., the arc angle θ0 and normalized
cell wall width ¯ =w w R/ 0. The unit cells of each pattern are shown at the bottom panel of Fig. 1, which could form the
periodic structural material by extending along two different directions. The relative density (ρ̄) of lattice material, defined
as the ratio of mass densities of lattice to solid materials, then equals its area ratio. It is approximately linearly proportional
to the normalized cell width, and is given by

( ) ( ) ( )ρ
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θ
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θ
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θ
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for the three patterns shown in Fig. 1(b)–(d). It clearly shows that the hierarchical triangular lattice is most densely dis-
tributed, and the honeycomb one is most sparsely distributed.

Due to the hierarchical geometric construction, the mechanics analyses are carried out at two different levels, i.e., the
levels of horseshoe microstructure and periodical lattices, which are elaborated in Sections 3 and 4, respectively.
3. An analytic model for the horseshoe microstructures

This section introduces an analytic model for the horseshoe microstructure (i.e., the building block of hierarchical lattice
materials). The focus is on the effect of two non-dimensional microstructure parameters ¯ =w w R/ 0 and θ0 on the effective
stress–strain curve and the stretchability.

The horseshoe pattern can be modeled as a curved beam with = < <w w R/ 10 such that the Kirchhoff assumptions still
hold (Timoshenko and Gere, 1961). For the hierarchical lattice materials under uniaxial stretching, each horseshoe micro-
structure in the unit cell undergoes anti-symmetric deformations with respect to the central point (i.e., the joints of two
arcs), due to the periodicity and geometry of microstructures. This deformation characteristic is also verified by FEA results
to be shown in Section 5. As such, we consider a simply supported horseshoe microstructure subject to a force N0 along the
axial direction and a pair of moments (M0) anti-symmetrically located at the two ends, as shown in Fig. 2(a). Since the
geometry is anti-symmetric with regard to the central point, only half of the horseshoe microstructure (i.e., one arc) is
analyzed, as shown in Fig. 2(b), in which Q0 is the shear force at the right end. A model for small strain but finite rotation,
which accounts for both bending and membrane deformation, is introduced in the following to analyze the deformation and
maximum strain in the microstructure. It degenerates into the well-known Elastica theory (Fertis, 1999; Lin and Lin, 2011;
Timoshenko and Gere, 1961) if the effect of membrane deformation is neglected.

Consider a curved beam with its centroid axis lying on the X–Y plane, as shown in Fig. 2(c), either in the un-deformed or
deformed states represented by the coordinates (X,Y) and (x,y), respectively. The length dS and angle α of the element in the
Fig. 2. Schematic illustration of theoretical model for the horseshoe microstructure: (a) a simply supported horseshoe microstructure subject to an axial
force at the right end and a pair of moments anti-symmetrically located at the two ends; (b) half of the horseshoe microstructure subject to an axial force
and a moment at the right end; (c) deformation of a unit length element; (d) sign conventions of forces and moment. .
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un-deformed state become ds and θ, respectively, after deformation. The angles (α and θ) are in the range of π π[ − ], , where
the positive (or negative) sign represents a counterclockwise (or clockwise) rotation required from the X axis to the tan-
gential direction of the beam. FEA shows that the membrane strain in microstructure is typically within �5% for the level of
stretching in the present study such that it is reasonable to use the engineering strain ε = ( − )s S Sd d /d at the centroid axis
and the rotational angle φ θ α= − . The strain at a distance of z from the centroid axis is given by

ε ε φ= + ( )z
S

d
d

. 2z

For a linear elastic material with the Young's modulus Es, integration of the above equation then gives the axial force N,
shear force Q and bending moment M (per unit thickness, Fig. 2(d)) in the beam as
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where E As and E Is are the tensile and bending stiffness, respectively. The equilibrium equations are
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For the loading condition shown in Fig. 2(b), the axial and shear forces are

θ θ θ θ= + = − ( )N N Q Q N Qcos sin and sin cos , 50 0 0 0

which satisfy Eqs. (4b) and (4c). Its substitution into Eq. (4a), together with Eq. (3), gives
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The vanishing bending moment at the left end can be written as θ α( ) =α θ=d /d 1/20
, which, together with the integration of

Eq. (7), gives
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where β is the deformed angle at the left end (α θ= /20 ), as shown in Fig. 2(b). Typically, the sign of curvature does not

change in the same arc during the stretching of hierarchical lattice materials, such that θ
α

d
d

keeps positive, which is also

consistent with FEA calculations to be shown in Section 5. In this case, integration of Eq. (8) from the left to the right end
gives the following equation,
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where γ denotes the deformed angle at the right end (α θ= − /20 ), as shown in Fig. 2(b). At the right end, the deformed
coordinates are x ¼xend and y¼0 (because of the anti-symmetric geometry), which can be evaluated by integrating

θ=x sd cos d and θ=y sd sin d from the left end to the right end, i.e.,
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where ε ε α= ( + ) = ( + )s S Rd 1 d 1 d0 , as well as Eqs. (3), (5) and (8) are used in the derivation. By solving Eqs. (9) and (10),
both the deformed angles and coordinates at the two ends, i.e., β, γ and xend, can be determined. In other words, the
following constitutive relation can be obtained numerically:
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Fig. 3. Theoretical and FEA results of normalized stress–strain curve, tangent modulus and maximum strain for the horseshoe microstructure:
(a) normalized stress, (b) corresponding tangent modulus and (c) maximum principal strain versus applied strain for a wide range of normalized width,
and fixed arc angle of θ0¼180° (d) normalized stress and (e) corresponding tangent modulus and (f) maximum principal strain versus applied strain for a
wide range of arc angle, and fixed normalized width of ¯ =w 0.2. The dashlines denote the critical strain (εcr).
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Fig. 4. Schematic illustration of the theoretical model of the hierarchical triangular lattice material subject to a uniform tensile stress along horizontal
stretching. A representative unit cell is analyzed, with the free body diagrams of the three horseshoe microstructures aligned in different directions. For
interpretation of the references to color in this figure, the reader is referred to the web version of this article.)
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where the functions F1 and F2 both depend on two non-dimensional parameters w and θ0, and are shown in Fig. S1
(Electronic Supplementary materials) for three representative combinations θ( )w , 0 ¼ (0.15, 120°), (0.15, 180°), and (0.25,
180°). Note that the shear force (Q0) can be related to the bending moment (M0) by = −M Q xend0 0 , for the simply supported
boundary conditions shown in Figs. 2(a) and (b). To facilitate the derivation and solution, the axial and shear forces (N0 and
Q0) are adopted as the two independent variables as given by Eq. (11). In case that the bending moment at the end is too
large and induces change of sign in the curvature, the horseshoe microstructure must be bending dominated and the
membrane strain should be negligible, such that Eqs. (9) and (10) can be replaced by
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∫
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where θcr is the deformed angle of the critical position with zero curvature, which can be related to the deformed angle (β)
at the left end by
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Eq. (14) is obtained by setting =θ
α

0d
d

and neglecting the membrane strain in Eq. (8). Then the constitutive relation [Eq.
(11)] can be determined by solving Eqs. (12)–(14). In the condition of infinitesimal deformation, the constitutive relation is
usually written in terms of the displacement and rotational angle, which can be obtained directly by using the energy
approach, as given by



Fig. 5. Theoretical, FEA and experimental results of stress–strain curves for the hierarchical triangular lattice material under horizontal stretching:
(a) stress–strain curves for a wide range of arc angle, and fixed normalized width of ¯ =w 0.15; (b) stress–strain curves for a wide range of normalized width,
and fixed arc angle of θ0¼180°. The dashlines denote the critical strain (εcr).

Fig. 6. FEA results of a typical stress–strain curve (a) and tangent modulus-strain curve (b) for a hierarchical triangular lattice material with the normalized
width and arc angle are ¯ =w 0.15 and θ = 1800

o; theoretical and FEA results of tangent modulus-strain curves for (c) a wide range of arc angle, and fixed
normalized width of , ¯ =w 0.15 and a wide range of normalized width, and fixed arc angle of θ0¼180°.
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Fig. 7. Key mechanical properties characterizing the effective stress–strain curve versus the microstructure geometrical parameters: (a) elastic modulus
and peak modulus versus normalized width for a fixed arc angle of θ = 1800

o; (b) elastic modulus and peak modulus versus arc angle for a fixed normalized
width of ¯ =w 0.15; (c) critical strain and peak strain versus normalized width for a fixed arc angle of θ = 1800

o; (d) critical strain and peak strain versus arc
angle for a fixed normalized width of ¯ =w 0.15.
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where u is the displacement at the right end along the axial direction of horseshoe microstructure (parallel to N0), and ω is
the rotational angle at the right end.

Take the simply-supported boundary conditions to analyze the effective stress–strain relation of the horseshoe micro-
structure. In this case, the moment at the right end vanishes, i.e., M0¼0 and Q0¼0, and the deformed angle (β γ= − ) can be
solved directly from Eq. (9). The effective stress of the horseshoe microstructure is defined as σ = N A/horseshoe 0 . The effective
strain is the percentage of elongation between the two ends, i.e., ε θ= [ ( )] −x R/ 2 sin /2 1horseshoe end 0 0 . Substitution of

σ=N Ahorseshoe0 and =Q 00 into Eqs. (9) and (10) yields the effective stress–strain relation.1 The maximum strain occurs at the
middle [ θ= ( )X R sin /20 0 , θ= [ − ( )]Y R 1 cos /20 0 , in Fig. 2(b)] of the arc, and can be obtained from Eqs. (2) and (8).

Fig. 3(a) and (b) gives the normalized stress–strain curve and normalized tangent modulus [ σ ε( )d d E/ /cohesive cohesive s] ob-
tained from the above analytic model for a set of horseshoe microstructures with a fixed arc angle θ = 1800

o and four
different normalized cell wall widths (w̄) ranging from 0.1 to 0.4. As shown in Fig. 3(a) and (b) for polyimide ( =E 3.23GPas

and ν = 0.3s ), the analytic results for the entire range of loading and width are validated by the nonlinear FEA, which
1 It should be pointed out that, once the horseshoe microstructure is close to being full extended, the membrane strain becomes large such that the
cross section area is significantly reduced. This effect is accounted for by multiplying a factor ν σ− ( )E1 2 /s horseshoe s to the effective stress, where νs is the
Poisson ratio of the material.



Fig. 8. Theoretical and FEA results of normalized stress–strain curve (a), transverse strain-applied strain curve (b), and deformed configurations (c) and
(d) of hierarchical triangular lattice materials under uniaxial stretching along horizontal and vertical directions. The normalized width and arc angle are
¯ =w 0.15 and θ = 1800

o.
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accounts for the finite deformation of the horseshoe microstructure. Elements based on the theory of Timoshenko beam are
used in FEA, and the meshes are refined to ensure the accuracy. The stress–strain curve increases slowly at low strain
because of the bending-dominated deformation mode, and after a critical strain, it increases rapidly due to the transition of
deformation mode into stretching-dominated. This critical strain is well represented by ε θ θ= [ ( )] −/ 2 sin /2 1cr 0 0 , denoting
the strain to fully extend the horseshoe microstructure, as marked by the dashed line in Fig. 3(a) and (b). The tangent
modulus also increases slowly for stretching below εcr , and rapidly beyond εcr . Then it reaches a peak, after which it de-
creases due to the reduction of cross-sectional area. The analytic model predicts that all curves in Fig. 3(b) almost pass the
same point at εcr , indicating that the horseshoe microstructures with different widths have almost the same tangent
modulus at εcr . The effective stress–strain curve and tangent modulus, also confirmed by FEA, are shown in Fig. 3(d) and
(e) for several arc angles. It is clear that the arc angle can be used to control the transition from low to high tangent modulus
of the stress–strain curve (via the critical strain εcr).

Fig. 3(c) shows the variation of maximum strain, εmax, during stretching of the horseshoe microstructures with different
widths. Similar to the stress–strain curves in Fig. 3(a) and (d), the maximum strain also increases relative slowly at small
strain, and fast at relatively large strain. However, there is not an obvious critical strain separating the two. A narrow
microstructure (small w) gives low εmax, and thereby large stretchability. For example, for a fracture strain of 10%, the
stretchability for the horseshoe microstructure with normalized cell wall width of ¯ =w 0.1 is 65%, as compared to 33% for

=w 0.4. The effect of arc angle on the maximum strain is illustrated in Fig. 3(f), which demonstrates a low strain level in the
microstructure with a large arc angle. Results from the analytic model and FEA also agree well in Fig. 3(c) and (f) for various
microstructure geometries. The above results indicate that the stress–strain curve and stretchability of horseshoe micro-
structure can be well controlled by tuning the two geometric parameters (w and θ0).
4. A theoretical model for the hierarchical lattice materials

In this section, the analytic model developed in Section 3 is combined with the analyses of equilibrium and deformation
compatibility in the periodical lattices, to formulate a theoretical model for the hierarchical lattice materials. The finite
deformation model is introduced in Section 4.1, which is further linearized in Section 4.2 to yield analytic solutions of elastic
modulus and Poisson ratio under infinitesimal deformation. The validation of the theoretical model is presented in Section
4.3.

4.1. Finite deformation model

The hierarchical triangular lattice material under horizontal stretching is taken as an example to illustrate the model, as
shown in Fig. 4. Due to the lattice periodicity, only a representative unit cell (in the red frame of Fig. 4), denoted by B1B2B3, is
analyzed. This unit cell consists of three horseshoe microstructures, indexed from 1 to 3. The inner forces and moment at the
ends are denoted by Ni, Qi and Mi (i¼1–3), as shown in Fig. 4. As described in Section 3, each horseshoe microstructure
undergoes anti-symmetric deformations with respect to the central point (i.e., the joints of two arcs), as shown in Fig. 2
(a) and (b). Therefore, the moment (Mi) is related to the shear force (Qi) by = −M Q l /2i i i (i¼1–3), where li is the span (i.e., the
distance between two ends) of the horseshoe microstructure in the deformed configuration. The effective stress (σhierarchical)
of the hierarchical lattice material, similar to that frequently used for cellular materials (Onck et al., 2001), is the ratio of the
total reaction force at the boundary to the initial cross-sectional area (i.e., the length of boundary multiplied by the
thickness) of the computational model. The static equilibrium of the unit cell gives the relations among the inner forces (Ni

and Qi) and the external loading (i.e., vanishing vertical load and shear load, and normal stress shierarchical along horizontal
direction):

ϕ ϕ ϕ ϕ− − + − = ( )N Q N Qcos sin cos sin 0, 16a2 3 2 3 3 2 3 2

ϕ ϕ ϕ ϕ− + + = ( )N Q N Qsin cos sin cos 0, and 16b2 3 2 3 3 2 3 2

( )
( )σ
θ

ϕ ϕ ϕ ϕ
=

+ + + −

( )
w

R

N N Q N Q

A4 3 sin /2

2 cos sin cos sin
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16c
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0 0

1 2 3 2 3 3 2 3 2

where ϕ1, ϕ2 and ϕ3 denote the three interior angles of the triangle ‘B1B2B3’ in the deformed configuration, and ϕ π∑ ==i i1
3 .

The equilibrium of an arbitrary joint (connected by six horseshoe microstructures) requires

( )∑ ∑= − =
( )= =

M Q l /2 0.
17i

i
i

i i
1

3

1

3

It is worth noting that each unit cell of the hierarchical lattice materials undergoes the same loading conditions due to
the lattice periodicity, such that only the moments at the ends of three differently oriented horseshoe microstructures are
taken into account in Eq. (17).



Fig. 9. Theoretical and FEA results of Poisson ratio under infinitesimal deformation versus the microstructure geometrical parameters ( θw̄/ 0 and θ0) for the
hierarchical lattice materials, with (a, and b) triangular, (c, and d) Kagome, and (e, and f) honeycomb topologies.
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The inner forces (Ni and Qi) lead to deformations in the horseshoe microstructure, as reflected by the change of the span
(li) and the angle (γi) at the ends. According to the analyses in Section 3 [i.e., Eq. (11)], the correlation between the inner
forces and the deformation can be written as
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The deformation compatibility requires that the side lengths and interior angles of the deformed triangle ‘B1B2B3’ should
satisfy the following geometric relations:
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The angle between the tangent lines of different horseshoe microstructures keeps unchanged during the deformation,
which gives two additional equations between the various angles, i.e.,

ϕ γ γ π ϕ γ γ π− + = − + = ( )/3 and /3. 201 2 3 2 3 1

The effective strain of the hierarchical lattice material, defined as the percentage of elongation along horizontal direction,
can be expressed as

( )ε θ= − ( )⎡⎣ ⎤⎦l R/ 4 sin /2 1. 21hierachical 1 0 0
Fig. 10. FEA results of deformed configurations of (a) hierarchical Kagome lattice, and (b) hierarchical honeycomb lattice, under uniaxial stretching along
horizontal direction, and the transverse strains for the three different lattices under uniaxial stretching along horizontal (c) and vertical (d) direction. The
relative density and arc angle are fixed as ρ̄ = 20% and θ0¼180°, respectively.



Fig. 11. Deformed configurations of (a) hierarchical triangular lattice, (b) hierarchical Kagome lattice, and (c) hierarchical honeycomb lattice, under uniaxial
stretching along horizontal direction. All of the three hierarchical lattices are connected with solid plates made of the same material to model clamped
boundaries at the two ends. The relative density and arc angle are fixed as ρ̄ = 20% and θ0¼180°, respectively.
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For a prescribed amount of stretching (εhierarchical), the effective stress (shierarchical) as well as the deformed configurations
of all horseshoe microstructures can be obtained by solving Eqs. (16)–(21) and ϕ π∑ ==i i1

3 .

4.2. Analytic solutions of elastic modulus and Poisson ratio

For infinitesimal deformation, the above finite deformation model can be linearized to yield solutions of the elastic
modulus and Poisson ratio. In this condition, the spans (l1, l2, l3) and the angles (ϕ1, ϕ2, ϕ3) can be expressed in terms of their
original values and the infinitesimal increments as θ= ( ) +l R u4 sin /2i i0 0 and ϕ π Δϕ= +/3i i (i¼1–3). Since the equilibrium
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equations under infinitesimal deformation can be established in the un-deformed configuration, Eqs. (16) and (17) can be
linearized by setting Δϕ= =u 0i i and inserting θ= ( )l R4 sin /2i 0 0 and ϕ π= /3i (i¼1–3), yielding

− − + − = ( )N Q N Q3 3 0, 22a2 2 3 3

− + + = ( )N Q N Q3 3 0, 22b2 2 3 3
Fig. 12. Effect of lattice topology on the stress–strain curve, tangent modulus-strain curve and maximum strain: (a) normalized stress–strain curve,
(b) corresponding tangent modulus and (c) maximum principal strain versus applied strain under uniaxial stretching along horizontal direction;
(d) normalized stress–strain curve, (e) corresponding tangent modulus and (f) maximum principal strain versus applied strain under uniaxial stretching
along vertical direction. The relative density and arc angle are fixed as ρ̄ = 20% and θ0¼180°, respectively. The dashlines denote the critical strain (εcr).



Q. Ma et al. / J. Mech. Phys. Solids 90 (2016) 179–202194
( )
( )σ
θ

=
+ + + −

( )
w

R

N N Q N Q

A8 3 sin /2

4 3 3
, and

22c
hierarchical

0 0

1 2 2 3 3

+ + = ( )Q Q Q 0. 231 2 3

According to Eq. (15), the constitutive relations under infinitesimal deformation can be written as
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Taking into account the geometric relations = −u l li i 0 and ω θ γ= −/2i i0 (i¼1–3), the conditions [Eqs. (19)–(21)] of de-
formation compatibility can be linearized and reorganized into

( )ω ω ω= + − +
( )

u u
l

3
2 ,

252 1
0

1 3 2
Fig. 13. Design optimization of the hierarchical triangular lattice materials. (a) Distribution of the coefficient of determination over a range of micro-
structure parameters (θ0 and w̄), for the stress–strain curve of a real human skin (back area of a person) (Annaidh et al., 2012) shown in (b). (b) Stress–
strain curve of a real human skin in comparison to the counterpart of hierarchical triangular lattices with the arc angle of θ0¼175o and normalized width
ranging from 0.200 to 0.325, corresponding to the five circles in (a). (c, and d) Stress–strain curves of human skin for two different locations (back area and
abdomen area) on different individuals (Shergold et al., 2006) and skin-like hierarchical triangular lattices with θ( ¯ )w,0 ¼ (120°, 0.2) and (212°, 0.19).
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Based on Eqs. (22)–(27), an analytic solution of the elastic modulus [Eelastic(hierarchical) ¼ shierarchical / εhierarchical] can be
obtained as
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Noting that the transverse strain can be linearized as ε ω ω= [ + ( − )] ( )u l l3 3 / 3transverse 3 0 1 3 0 , the Poisson ratio,
ν ε ε= −( ) /elastic hierarchical transverse hierachical, can be solved as well, and given by

( )( ) ( )
( )

( ) ( ) ( )
( ) ( )

( )ν

θ θ θ

θ θ θ θ θ θ

θ θ θ θ

θ θ θ θ θ θ θ

= −

[ − + − − − +

+ + + − − + + ]

− + + + + − −

− + − + − + −

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥ 29

w w w w w

w w w

w w w w w

w w w

2 24 36 sin 48 144 cos 2

24 24 2 sin 96 cos 48 288 2160

1872 cos 2 4 48 504 2 84 2016 sin

24 cos 2 sin 24 48 sin 96 432

.elastic hierarchical

0
2 2

0
4 2

0
4

0
2 2

0
2

0
2

0 0
2

0
2

4
0 0

2 4 2
0

4 2
0

4
0 0

2 2
0

2
0 0

2
0 0

Taking the limit of θ → 00 and neglecting the higher-order terms of w/l, Eqs. (28) and (29) degenerate to the solutions of
triangular lattice material with straight microstructures and small relative densities, i.e., = ( )E E w l2 3 / 3s and ν = 1/3 (Fleck
and Qiu, 2007; Wang and McDowell, 2004). For a relatively large arc angle (e.g., θ0490°), the hierarchical lattice is bending
dominated under infinitesimal deformation, such that the solutions of elastic modulus and Poisson ratio can be simplified as
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4.3. Validation of the model

Fig. 5(a) and (b) presents the predicted stress–strain curves using the finite deformation model, together with the ex-
perimental data and FEA calculations, for hierarchical triangular lattice materials with a wide range of normalized cell wall
widths (w̅) and arc angles (θ0), and made of polyimide (Es¼3.23 GPa and νs¼0.3). The experimental results in Fig. 5(a) are
extracted from a previous study (Jang et al., 2015), in which the normalized cell wall width is fixed as ̅ =w 0.15, and the arc
angle (θ0) ranges from 90° to 180°. The experimental results of samples with other geometric parameters in Jang et al. (2015)
are not included here, because the lateral buckling occurs in these samples, leading to out-of-plane deformations. In FEA
calculations, a sufficiently large number (e.g., Z10�10) of unit cells (as shown in Fig. 1) is adopted to avoid the possible edge
effect (Onck et al., 2001) in cellular materials. The displacement component along the stretching direction is applied, and the
boundaries are allowed to deform freely along the transverse direction. The results in Fig. 5(a) and (b) shows good agreements
between theoretical results and experiment (or FEA) results. Similar to the building block (i.e, horseshoe microstructure), the
hierarchical triangular lattice also possesses a stress–strain curve with the effective stress σhierarchical increasing quite slowly at
small strain, and rapidly at large strain. The critical strain denoting such transition in stress–stain curve is the same as the
horseshoe microstructure, i.e., ε = θ

θ[ ( )] −cr sin2 /2 1
0

0
(Appendix A), as shown as the red dash lines in Fig. 5(a).
5. Mechanical properties of hierarchical lattice materials under uniaxial stretching

After validating the developed model in Section 4, this section studies the key mechanical properties of hierarchical
lattice materials under uniaxial stretching, including the nonlinear tangent modulus, Poisson ratio and stretchability.

5.1. Tuning the J-shaped stress–strain curves and tangent moduli via microstructure geometry

Fig. 6(a) and (b) shows a typical J-shaped stress–strain curve and the corresponding tangent modulus under horizontal
stretching, for a hierarchical triangular lattice with the normalized cell wall width =w 0.15 and arc angle θ0¼180°, cor-
responding to the relative density of �20% (or equivalently, a void fraction of �80%). The tangent modulus increases sharply
around the critical strain (εcr), reaches its peak (Epeak), and then experiences a slight drop, due to the reduction of cross-
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sectional area in the horseshoe microstructure as illustrated in Section 3. Such large variations of tangent modulus can be
characterized by four key non-dimensional parameters, namely the normalized (initial) elastic modulus Eelastic/Es, critical
strain εcr, normalized peak modulus Epeak/Es and the corresponding strain named the peak strain εpeak. A remarkable dif-
ference of elastic and peak moduli (or a large ratio of Epeak/Eelastic) is important to offer a high mechanical strength while
providing an ultralow modulus at relative small strain (e.g., o40% in the example in Fig. 6). Besides, a small difference of
critical and peak strain (or the ratio εpeak/εcr slightly larger than 1) is required to result in a sharp transition such that the
enhancement of modulus can be accomplished over a small range of stretching.

The J-shaped stress–strain curves can be well controlled by tuning the microstructure geometries, as illustrated in Fig. 5.
Theoretical predictions and FEA calculations in Fig. 6(c) and (d) shows that both the normalized cell wall width (w̄) and arc
angle θ0 can be utilized to control the level of elastic and peak moduli (therefore the tangent modulus) for the hierarchical
triangular lattice materials; w has essentially no effect on the critical strain, but the arc angle does over a wide range. For
example, the ratio of Epeak/Eelastic decreases as the arc angle decreases (and approaches 1 for θ → 00 ) due to suppression of
transition in the deformation modes. To enable quantitative tuning of stress–strain curve, analytic models are introduced
below to describe the dependences of the key quantities (Eelastic/Es, Epeak/Es, εcr and εpeak) on the microstructure geometries.

As described in Section 4.2, an analytic solution of the elastic modulus is obtained and given by Eq. (28). This equation,
confirmed by FEA as shown in Fig. 7(a) and (b), suggests that the elastic modulus can be significantly reduced by decreasing
the cell wall width or increasing the arc angle. When the tangent modulus reaches its peak at large strain, it can be shown
by theoretical and FEA calculations that only the horizontally aligned horseshoe microstructures undergo stretching-
dominated deformation and the other microstructures undergo bending-dominated deformation. Therefore, the con-
tribution of tilted horseshoe microstructures to the peak modulus can be neglected, and Epeak can be approximated by
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where ( )Epeak horseshoe represents the peak modulus of the horseshoe microstructure under axial stretching. According to Fig. 3
(b) and (e), ( )Epeak horseshoe is insensitive to the cell wall width (e.g., with the relative change o17% for w̄ decreased by four
times), and decreases almost linearly with the arc angle θ0. Therefore, ( )Epeak Beam3 can be approximately written as

( )( ) θ= − ( )E E 1 0.15 , 33peak horseshoe s 0

where the coefficient 0.15 is determined from the theoretical results in Fig. 6(c), but it holds for all hierarchical triangular
lattice materials. Thereby, ( )Epeak horseshoe can be written as
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for hierarchical triangular lattice materials. The above equation degenerates to = ( )( )E E w l2 3 / 3peak hierarchical s for θ → 00 ,
consistent with the solution of elastic modulus for the triangular lattice with straight microstructures (Fleck and Qiu, 2007;
Wang and McDowell, 2004). Eq. (34), confirmed by FEA for different widths (Fig. 7(a)) and arc angles (Fig. 7(b)), and Eq. (30)
indicates that a large ratio of Epeak/Es can be realized using a narrow cell wall.

The critical strain ε θ θ= [ ( )] −/ 2 sin /2 1cr 0 0 , and the peak strain εpeak obtained from FEA, are shown versus w̄ and θ0 in Fig. 7
(c) and (d), respectively. The peak strain can be well approximated by ε ε= + w0.7peak cr , where the coefficient 0.7 is de-
termined by fitting with the theoretical results in Fig. 6(c), but it holds for different hierarchical triangular lattice materials.
Therefore, one can either decrease the cell wall width or increase the arc angle to reduce the ratio of εpeak/εcr.

5.2. Nonlinear Poisson effect of hierarchical triangular lattice materials

Besides the stress–strain curve, the theoretical model in Section 4 also enables the prediction of deformation along
transverse direction that is relevant to the Poisson effect. Fig. 8 presents the nonlinear dependences of normalized stress and
transverse strain on the applied strain, as well as the deformed configurations for a typical hierarchical triangular lattice
(ρ̄ ≈ 20% and θ = 1800

o) under uniaxial stretching along vertical and horizontal directions. All theoretical results agree
reasonably well with the FEA calculations. In particular, the deformed configurations of the representative unit cell based on
the theoretical prediction show very good accordance with the FEA results under different stages of uniaxial stretching.

Under horizontal stretching, the transverse strain increases almost proportionally at small strain (e.g., o15%), and then
more rapidly until the applied strain reaches around the critical strain (εcr). It is notable that the transverse strain is always
positive in the entire stretching process (up to 80%). Such negative Poisson effect originates mainly from the dilatation of the
triangular shaped unit cell, as illustrated in Fig. 8(c). Here, a remarkable expansion of �8.1% or 29.5% along vertical direction
can be clearly observed for 35% and 70% horizontal stretching, corresponding to Poisson ratios of �0.23 and �0.42. Similar
negative Poisson effect was also reported in traditional cellular materials (Babaee et al., 2013; Bertoldi et al., 2010; Taylor
et al., 2014) without using horseshoe microstructures, though the deformation mechanisms are different. The evolution of
deformed configurations also demonstrates a clear transition of deformation mode from bending-dominated to stretching-
dominated in the load bearing wires (i.e., horizontally aligned horseshoe microstructures).
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The hierarchical triangular lattice possesses the 6-fold rotational symmetry, thereby offering an elastically isotropic
property. As such, the transverse strain under vertical stretching is very close to that under horizontal stretching for a small
strain (e.g., o15%), as evidenced in Fig. 8(b). Under a large level of stretching (e.g., 440%), the geometrically nonlinear
effect comes into play, leading to anisotropic mechanical behaviors. In particular, the triangular shaped unit cell does not
dilate progressively under vertical stretching, due to a considerable level of compressive force loaded onto the horizontally
aligned horseshoe microstructures. Such compressive force increases rapidly as the load bearing wires (i.e., tilted horseshoe
microstructures) becomes stretching-dominated, which switches the Poisson ratio from negative to positive (at �58%). The
two deformed configurations in Fig. 8(d), which correspond to a negative Poisson ratio (�0.17) at a small strain (35%) and a
positive Poisson ratio (0.26) at a large strain (70%), illustrate such transition.

Similar to the J-shaped stress–strain curves, the Poisson effect described above also depends highly on the micro-
structure geometric parameters. For simplicity, we focus on the Poisson ratio [Eq. (29)] under infinitesimal deformation, to
highlight its dependence on the dimensionless width ( θw̄/ 0) and arc angle (θ0), as shown in Fig. 9(a) and (b). For any given

θw̄/ 0, the Poisson ratio always decreases continuously from 0.33 at θ = 00 , to approximately �0.20 at θ = 2200
o. This in-

dicates that the hierarchical triangular lattice can be tailored precisely to yield a desired Poisson ratio in the range of [�0.20,
0.33], including zero Poisson ratio (see Fig. S2(a), Electronic Supplementary materials) that is of high interest in many
engineering applications. For example, the analytic solution [Eq. (29)] gives a critical arc angle (�28.5°) to achieve zero
Poisson ratio, for a representative dimensionless width θ¯ =w/ 0.080 . The finite deformation analyses (see Fig. S2(b) and (c),
Electronic Supplementary materials) confirmed this point, showing a negligible Poisson ratio (e.g., o0.05) for horizontal
stretching up to 1.50% (and vertical stretching up to 0.56%). When the arc angle is relatively large (e.g., 4120°), the hier-
archical lattices become highly bending-dominated, such that the Poisson ratio is almost independent on the dimensionless
width, as shown in Fig. 9(b). In all of the different geometric parameters, the analytic predictions always agree well with FEA
results, although slight deviations can be observed for relatively large θw̄/ 0, due to the neglect of shear deformation in the
analytic model.

5.3. Effect of lattice topology on the mechanical performances

Since the coordinated deformation of the triangular shaped unit cell plays an important role in the negative Poisson
effect described in Section 5.2, it can be expected that the hierarchical materials with different lattice topologies may exhibit
distinct mechanical behaviors. This section elucidates such effect both in the regime of infinitesimal and finite deformations,
through a comparison to the other two lattice topologies (i.e., Kagome and honeycomb patterns, as shown in Fig. 1(b) and
(c)). The theoretical model developed in Section 4 is extended to these two hierarchical lattices to obtain the analytic
solutions of elastic modulus and Poisson ratio (Appendix B). Fig. 9(c)–(f) presents the results of Poisson ratio based on (Eqs.
(B.2) and B.4), for a wide range of θw/ 0 and θ0, which are in good accordance with FEA. Different from the hierarchical
triangular lattice, both the hierarchical Kagome and honeycomb lattices always exhibit a positive Poisson effect. For all of the
three hierarchical lattices, the Poisson ratio always decreases monotonously with increasing the arc angle, in which the
hierarchical Kagome lattice is most insensitive to its change (from 0.33 at θ = 00 to 0.05 at θ = 2200

o). It is interesting to note
that the Poisson ratio of hierarchical honeycomb lattice is almost independent on the dimensionless width in the entire
range of arc angle (0oθ0o220°), mainly because the honeycomb lattice with straight wires (θ0¼0) is also bending-
dominated.

To analyze the effect of lattice topologies under finite deformation, the relative density and arc angle of Kagome and
honeycomb lattices are kept the same as those of the hierarchical triangular lattice in Fig. 8, i.e., ρ̄ ≈ 20% and θ = 1800

o.
Figs. 10(a)–(c) present FEA results of the deformation patterns and transverse strains at different levels of horizontal
stretching. In contrary to the negative Poisson ratio for the triangular pattern (Fig. 8(c)), the Kagome pattern offers a nearly
zero Poisson ratio (e.g., 0.095 and 0.093 for 35% and 70% stretching, respectively), while the honeycomb pattern provides a
large positive Poisson ratio (e.g., 0.37 and 0.40 for 35% and 70% stretching, respectively). Such significant dependence of
Poisson effect on the lattice topologies is also observed under clamped boundary conditions (Fig. 11), in which the three
hierarchical lattices are re-configured into narrow rectangular shapes and connected by solid plate to facilitate stretching.
Similar to the hierarchical triangular lattice, the hierarchical Kagome and honeycomb lattices also possess isotropic and
anisotropic Poisson ratios under small and large strains, respectively. In particular, the transverse strain under vertical
stretching (in Fig. 10(d)) deviates evidently from that under horizontal stretching (in Fig. 10(c)), when the applied strain is
larger than a certain value (�30% for triangular lattice, �40% for honeycomb lattice, and �50% for Kagome lattice). Such
deviation in transverse strain is most prominent in the hierarchical triangular lattice. This can be also observed from the
comparison of deformed configurations under both relaxed (i.e., the boundaries are allowed to deform freely along the
transverse direction) and clamped boundaries, as shown in Figs. 8,10,11, Fig. S3 and S4 (Electronic Supplementary
materials).

In addition to the Poisson ratio, many other mechanical properties, such as the stress–strain curve, tangent modulus and
stretchability, are also sensitive to the lattice topology, as illustrated in Fig. 12. In all of these figures, the red dash lines
represent the critical strain. Under horizontal stretching, the hierarchical Kagome lattice material has the same critical strain
(to fully extend the lattice material) ε θ θ= [ ( )] −/ 2 sin /2 1cr 0 0 (Appendix A) as the triangular lattice, which gives 57% for
θ = 1800

o. The hierarchical honeycomb lattice material, however, requires a larger critical strain, θ θ[ ( )] −2 / 3 sin /2 10 0 (Ap-
pendix A), which gives 109% for θ = 1800

o. Differently, all three patterns have the same critical strain, θ θ[ ( )] −3 / 3 sin /2 10 0
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(Appendix A), under vertical stretching, which gives 81.4% for θ = 1800
o. From the comparison of stress–strain curve and

tangent modulus, it can be found that the triangular pattern gives the sharpest transition in stress–strain curve for both the
horizontal and vertical stretching, consistent with its largest value of E E/peak elastic and smallest ε ε/peak cr that can be observed
from Fig. 12(b) and (e). The stress–strain curve for the Kagome pattern under horizontal stretching is close to that of
triangular pattern, although its modulus does not increase as quickly around the critical strain. The honeycomb pattern can
be utilized to offer a later transition (i.e., a larger critical strain) in stress–strain curve under horizontal stretching. Similar to
the Poisson effect, all of three hierarchical lattices show anisotropic stress–strain responses only in the regime of large
strain, which can be observed through a comparison between Fig. 12(a) and (d). The maximum strain versus the applied
strain is shown in Fig. 12(c) and (f), from which the stretchability can be determined directly, once the fracture limit of the
parent material is given. For horizontal loading (Fig. 12(c)), the triangular pattern gives the lowest strain for stretching below
�75%; above this value, the honeycomb outperforms the other two patterns slightly due to its largest critical strain to
trigger the transition of deformation mode into stretching-dominated. For vertical loading (Fig. 12(f)), the triangular pattern
always gives the lowest strain, and therefore, the largest stretchability.
6. Design optimization of hierarchical lattice materials for reproducing the desired stress–strain curves of human
skins

The theoretical models in Sections 4 and 5 can be employed to achieve rapid optimization of microstructure geometry for
matching precisely the stress–strain curves of human skins. Three different sets of human skins (Annaidh et al., 2012;
Shergold et al., 2006) at various locations on different individuals are taken into account. Let ε σ( ),1 1 to ε σ( ),n n denote the data
set (with n values) of stress–strain curves for human skins measured in experiment. The hierarchical triangular lattice made
of polyimide (Es¼3.23 GPa and νs¼0.3) is taken as an example to illustrate the design optimization. Using the above
theoretical model, the stress–strain curve of the hierarchical triangular lattice (under horizontal stretching) can be obtained
and expressed as σ ε θ= ( ¯ )G w, , 0 for a given microstructure geometry. Here, the coefficient of determination (also known as R
squared) that reflects how well the experimental data fit the model is adopted to construct to the objective functional (Π),
which reads
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Maximization of this functional by searching over a reasonable range of normalized cell wall width and arc angle then
gives solutions for the two unknowns. Here, the analytic solutions of elastic modulus, critical strain and peak modulus can
be utilized to assist the determination of an initial range of geometric parameters in the optimization. Fig. 13(a) illustrates
the distribution of objective functional over a range of normalized cell wall width and arc angle, for a real skin (back area of
a person) (Annaidh et al., 2012). The optimal geometric parameters (θ ≈ ° ≈w175 , 0.260 ) can be determined from this
optimization process, and the corresponding stress–strain curve indeed agrees very well with the counterpart of real skin, as
shown in Fig. 13(b). Note that the variation of geometric parameters could result in an evident deviation of stress–strain
curve from the experimental result (Fig. 13(b)). For real human skins with highly different critical strains in the stress–strain
curve (Figs. 13(c) and d), the above optimization process also allows rapid determination of geometric parameters in the
hierarchical triangular lattices for matching precisely the stress–strain curves.
7. Conclusions

This paper presents a theoretical study of nonlinear mechanical behavior in a class of bio-inspired hierarchical lattice
materials. A finite deformation model of hierarchical triangular lattice is developed and validated by FEA and experimental
results. This model can predict precisely the nonlinear stress–strain curve and Poisson ratio, as well as the deformed
configurations under uniaxial stretching. The theoretical results shows that the J-shaped stress–strain curves can be well
characterized by four mechanical quantities (i.e., elastic modulus, critical strain, peak modulus and the associated strain).
Analytic solutions of these quantities were proposed to describe their dependences on the microstructure geometry. Ne-
gative and positive Poisson ratios were found in the hierarchical materials with different lattice topologies, which show
nonlinear and anisotropic characteristics at large levels of stretching. The lattice topology also has a strong influence on the
stress–strain curve, and the analyses indicate that the triangular pattern offers the sharpest transition in the stress–strain
curve. These results and the theoretical model in general, can be exploited in the design and optimization of hierarchical
lattice materials for applications in tissue engineering (Naik et al., 2014; Yannas and Burke, 1980) and stretchable bio-
integrated electronics (Kim et al., 2011; Rogers et al., 2010; Xu and Zhu, 2012; Xu et al., 2014; Yao and Zhu, 2015; Zhang et al.,
2014).



Q. Ma et al. / J. Mech. Phys. Solids 90 (2016) 179–202 199
Acknowledgments

Y.Z. acknowledges support from the Thousand Young Talents Program of China and the National Natural Science
Foundation of China (Grant no. 11502129). Y.H. and J.A.R. acknowledge the support from NSF (CMMI-1300846 and CMMI-
1400169) and the NIH (Grant #R01EB019337). K.C.H. acknowledges the support from the National Basic Research Program of
China (Grant No.no. 2015CB351900).
Appendix A. Critical strains of the hierarchical lattices with different topologies

The critical strain characterizing the transition of deformation mode can be determined by analyzing the deformation of
a representative unit cell in the hierarchical lattice material. For the triangular hierarchical lattice shown in Fig. A1(a), the x-
directional stretching is mainly accommodated by the horizontally aligned horseshoe microstructure. The deformation
becomes stretching-dominated as this microstructure becomes fully extended to a straight wire (with a length of θ R2 0 0). The
corresponding critical strain can be then obtained as

( )( )ε
θ θ

θ
=

−
= −

( )
R l
l

2
2 sin /2

1.
A.1

cr Triangular
X 0 0 0

0

Fig. A1. Schematic illustration of the deformation pattern around the critical strain: the unit cell, and its deformed patterns along horizontal and vertical
directions, for the hierarchical lattice materials with (a) triangular, (b) Kagome and (c) honeycomb topologies.
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Under the vertical stretching, the two initially tilted horseshoe microstructures are stretched, while the horizontal one is
compressed, as shown in Fig. A1(a). In this case, the occurrence of stretching-dominated mode requires that the initially
tilted horseshoe microstructures are not only fully extended to straight wires, but also rotated to be aligned with y-axis,
leading to
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The hierarchical Kagome and honeycomb lattices can be analyzed in a similar manner, as schematically shown in Fig. A1
(b) and c, respectively. The corresponding critical strains along the x and y axes are given by
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Appendix B. Elastic moduli and Poisson ratios of the hierarchical Kagome and honeycomb lattices

Using a similar approach to that illustrated in Section 4, the equilibrium equations, deformation compatibility equations,
and effective constitutive relation can be established for the hierarchical Kagome and honeycomb lattices as well. After
linearizing these equations for infinitesimal deformation, the analytic solutions of elastic moduli and Poisson ratios can be
obtained as
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Figs. 9 and S.5 (Electronic Supplementary materials) show that the above analytic solutions agree remarkably well with
FEA results for a wide range of geometric parameters.
Appendix C. Supplementary material

Supplementary data associated with this article can be found in the online version at http://dx.doi.org/10.1016/j.jmps.
2016.02.012.
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