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1 Introduction

Single-walled carbon nanotubes (SWNTs) possess superior
electrical and thermal properties, which enable high-performance
transistors [1,2], advanced interconnects [3], and other compo-
nents of relevance to various forms of electronics. Joule heating
of SWNTs and subsequent thermal transport into the surroundings
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Thermomechanical Modeling
of Scanning Joule Expansion
Microscopy Imaging of
Single-Walled Carbon
Nanotube Devices

An analytical model, validated by experiments and finite element simulations, is devel-
oped to study the thermal imaging of single-walled carbon nanotube (SWNT) devices
by scanning Joule expansion microscopy (SJEM). A simple scaling law for thermal
expansion at low frequencies, which only depends on two nondimensional geometric
parameters, is established. Such a scaling law provides a simple way to determine the
surface temperature distribution and power dissipation per unit length in an SWNT from
the measured thermal expansion in experiments. The results suggest the spatial resolution
of the STEM measurement is as good as ~50 nm. [DOI: 10.1115/1.4024175]
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may critically affect the design, operation, and reliability of
SWNT devices. There exist several different approaches to mea-
sure the temperature distributions in SWNT devices for under-
standing the fundamental properties in device design. One such
method is known as scanning thermal microscopy (SThM) based
on atomic force microscopy (AFM). In SThM, thermocouples or
other temperature sensors are fabricated on the very end of AFM
cantilever tips to scan over a surface in order to measure the tem-
perature [4-8]. The spatial and temperature resolution of a SThM
is limited by the sensor size on a submicrometer scale. Much
effort has been focused on reducing the sensor size to increase the
resolution at the cost of fabrication difficulty. In addition, the
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(a)
Fig. 1

(b)

(a) Schematic illustration of the experimental setup for scanning Joule

expansion microscopy imaging of an SWNT device, and (b) the SUEM image of an
SWNT device collected at V45 =4V, f = 30 kHz and a PMMA thickness ~25nm

heat flow between the cantilever and substrate can be difficult to
accurately describe. To overcome these difficulties, a new tech-
nique called scanning Joule expansion microscopy (SJEM) was
proposed [9,10]. In SJEM, a conventional AFM cantilever is used
to measure the thermal expansion to reveal the underlying temper-
ature distributions.

Xu et al. investigated heat generation and transport in transis-
tors that incorporate straight horizontally aligned arrays of indi-
vidual SWNTs by SJEM [11]. Several electronic behaviors have
been revealed, including metallic and semiconducting responses,
spatial variations in diameter or chirality, and localized defect
sites. Figure 1(a) shows the schematic illustration of the experi-
mental setup for the SJEM measurement of an SWNT device con-
sisting of several SWNTs on an SiO,/Si substrate. A layer of
poly(methyl methacrylate) (PMMA) is coated on the top of the
device to protect the SWNTSs and amplify the thermomechanical
expansion caused by Joule heating of the SWNTs from an alter-
nating voltage V(1) = V4, cos(wr) (with angular frequency @ and
frequency f = w/2n) between the drain and source contacts. The
resulting time-oscillating temperature increase and thermal expan-
sion will oscillate with frequency 2f. An AFM probe operating in
contact mode is then used to scan the top surface of the PMMA
and measure the vertical displacements. Detection with a lock-in
amplifier tuned to frequency 2f gives the deflections of the AFM
cantilever due to electrically driven thermal expansion, as shown
in Fig. 1(b). Instead of a numerical modeling of the SJEM [12,13],
an analytical thermomechanical model is needed to derive the
temperature distributions and power dissipation in an SWNT from
measurements of thermal expansion.

The objective of this paper is to develop an analytical thermo-
mechanical model for the SJEM measurement of SWNT devices.
A scaling law of thermal expansion at low frequencies is
established in terms of nondimensional combinations of material,
geometric parameters, and frequency. The analytical model will
be validated by the finite element analysis and experiments.
The paper is outlined as follows. The thermal modeling for tem-
perature distribution is developed in Sec. 2, while the thermo-
mechanical modeling for thermal expansion is presented in Sec. 3.
The scaling law of thermal expansion at low frequencies is given
in Sec. 4. The results and discussion are given in Sec. 5.

2 Thermal Modeling for Temperature Distribution

As shown in Fig. 1(b), a two dimensional (2D) analysis is
reasonable for locations away from the SWNT ends due to the
large aspect ratio of SWNTs. The analytically modeled system
includes SWNTs on an SiO,/Si substrate with a PMMA layer on
the top, as shown in Fig. 2. Because the thickness of Si, ~500 um,
is much larger than those of SiO, (#; ~ 100nm) and PMMA
(ho ~ 100nm), it is modeled as a semi-infinite substrate. Heat
transfer mainly occurs through the surface of SWNTSs and, there-
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Fig. 2 Schematic illustration of the analytically modeled
system

fore, it can be modeled as a planar heat source at the PMMA-SiO,
interface. For an SWNT with radius r, the half width of heat
source can be approximated by b = mr/2, such that it has the
same circumference. For an applied voltage V(¢) = V4 cos(wr),
the power dissipation per unit length along the SWNT takes the
form of Qy[1 + cos(2wt)], where Qy is the steady-state component
and Qg cos(2wr) is the time-oscillating component. The resulting
temperature increase and thermal expansion will have both
steady-state and time-oscillating terms. Since the SJEM measures
the time-oscillating component of the thermal expansion, we
only consider the temperature increase and thermal expansion
due to the time-oscillating power dissipation per unit length
0O(t) = Qg cos(2wt).

The origin of the coordinate system (x, y) is located at the cen-
ter of the SWNT, with x along the interface and y pointing into
the Si substrate (see Fig. 2). The temperature increase from the
ambient temperature AT (x,y,t) =T — T satisfies the heat con-
duction equation

2 2
OAT (8 AT O AT) —0 0

or Ox? + 0y?
where o = k/(cp) is the thermal diffusivity with & as the thermal
conductivity, ¢ as the specific heat capacity, and p as the mass
density. In the following, the subscripts 0, 1, and 2 denote
PMMA, SiO,, and Si, respectively.

A finite element analysis (FEA) shows that the heat losses from
radiation and convection are negligible. The top surface of the
PMMA (y = —hy) can be assumed to be thermal insulating, which
gives

=0 )

The temperature is continuous across the PMMA-SiO, interface

(y =0),ie.,

AT|,_o.= AT|,_o A3)

y=0*
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and the heat flux is also continuous except for the region of heat
source (y = 0, [x| < b)
0
=400

2b

|x| > b
x| < b

OAT
+ ko——

)
y=0" Jy

y=0~

Continuity of the temperature and heat flux across the SiO,-Si
interface (y = h;) requires

AT|,_, = AT],_, ®)
and
OAT OAT
—ko—— =—ki—— (6)
ay y=h; ay y=h,

The ambient temperature at the bottom surface of Si (y=o00)
gives

AT|,_.=0 @)

The power dissipation per unit length Q(¢) = Qg cos(2wt)
can be written as the real part of Qpe'>™". The temperature increase
has the same frequency and takes the form 0(x,y)e*!, where
0(x,y) = |0(x,y)|e*# with B as the phase angle of 0(x,y). The
amplitude of the temperature increase is given by |0(x, y)|. Substi-

of Eq. (8) gives an ordinary differential equation

-
Z—yf — (s*+ig*)0=0 ©)

The preceding equation has the solution

0(s,y) = A(s)ey\/ﬂ*—iq2 + B(s)efy\/sq—i"2 (10)
where A(s) and B(s) are to be determined and are denoted by Ag
and B for the PMMA, A, and B, for SiO,, and A, and B, for the
PMMA, respectively. The Fourier transform of the boundary and
continuity conditions in Egs. (2)—(6) yield

Aoe—hm/sz-%—iq% _Boehm/xz-%—iqﬁ =0 an
Ao+ Bo=A| + B (12)

/ . . Qo sin(sbh)
koy/s? +ig3(Ao — Bo) — kiy/s? +i¢? (A} — By) = ———*
0 qo( 0 o) 1 ql( 1 1) ﬁﬁbs

13)

2 132 . 21372 21372 _ 2 1in2
Alehn/a +igy +B|€ hiv/s +igy :Azehm/s +iq; +Bz€ hiA/s +ig;

tution of 0(r, x)e!>* into Eq. (1) gives (14)
2 2 S — o o
@_‘_@_iqu:O ®) ky 52 +iq%<Alehn/s-+lq% 7Bl€7h1\/s-+lq%)
oxr  Oy?
2 2 /s 4k _ —hn/.s-2+iq§)
where ¢ = /2w /0. Due to the symmetry of the problem, we only kay/s* +ia; (Aze Bae s
focus on the region with x > 0. The Fourier transform
Ay =0 (16)
_ 2 (®
s =2 0t ) costsra . |
7 Jo Solving Egs. (11)—(16) yields
(1 + K)ehm/szﬁqg
Ao
B (14 x)e oV s*-Figp
0 . (T
Ay Qo sin (7 5) fs) 2i cosh (hm /52 + iqé)
e (7)
B mrsV2n 2cosh (o /57 143
Ay
0
B, 2 cosh (hO /2 + iq(z))ehn/.yuiq% [Kehn/swriqf 4 Vg
where
o 1
s) =
(1 = K)ki/s* +iq? cosh(hos/s2 + iq%) + (1 + x)kor/5? + g3 sinh(hm/s2 + iq%)
ko /8% + iq% The inverse Fourier transform
oo ki \/s2 + iq% o2 [Priq
ko /52 42 2 (> _
LV 0(x,y) = \/:J 0(s,y) cos(sx)ds
ki \/s2 +ig? mJo
where go = /2w /0, g1 = /2w/0y, and g, = /2w /. gives the temperature increase in the PMMA, SiO,, and Si as
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. /T
oo SIN( —§
- %L @f@u + K) cosh {(ho +) \/;":L—lq'%}

00 (xv y)
X cos(sx)ds
2 o~ Sin
01 (x,y) = ngr J ( s) cosh <ho )
0
<K€ VIt oS +“11) cos(sx)d.
20, [ sin
Oz (x,y) = ngo J ( 5) cosh (hﬂ 140)
0

X (;«,""\/‘YZ“"f +e’h1\/“z“"'> (I =y)\/5*+ig3 cos(sx)ds
(13)

The temperature increase on the surface (y = —hg) of the PMMA,
which is used to compare the FEA in Sec. 5, is given by

Osurface (X) = f(S)(l + K) COS(SX)dS (19)

@ Joc sin (7;—' s)

2r ), s
and its amplitude is |Ogyrace (X)]-

3 Thermomechanical Modeling for Thermal
Expansion

The coefficients of thermal expansion (CTEs) of the SiO, and
Si (~107%) [14,15] are much smaller than that of the PMMA
(~5 x 107°) [16] and the temperature rise in Si is significant only
near its surface and quickly diminishes. [11]. Therefore, the con-
tributions of SiO, and Si to the SJEM signal can be neglected.
This allows an analytical study of the SJEM signal by only
considering thermal expansion in the PMMA layer that is
traction-free on the top surface (y = —hg) and fully constrained at
the bottom (y = 0). The problem can be solved by superposing
the solutions of two auxiliary problems (see Fig. 3):

() an infinite plane with a temperature distribution 0p(x,y)
obtained in Sec. 2

(I) a finite plane without a temperature distribution but with
its upper boundary tractions and lower boundary displace-
ments to negate those from Problem I at the same locations

Traction free

h| | PMMA Gx.y)
T x
y
Problem I: I
_ PMMA %b=0
! 6(x5) -
6 =0 x
y
Problem II: + Prescribed tractions
_ e
h] | PMMA 6 =0 _
T 4 T x
Prescribed displacements ¢ y

Fig.3 Schematic illustration of the thermomechanical model
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3.1 Solutions for Auxiliary Problem I. Problem I can be
solved by introducing a potential of thermal displacement y(x, y).
The displacements are assumed to be

MW (x,y) N (x,y)
= . ouy, = 20
" Ox " ady 20)
which give the strains
o PUEy) L Py) Py
o oxx oy2 Oxdy
The constitutive equations are
S N P GRS S )
T U —2m) T Ty Y T2
Eog Ey BoEo
7T 1+ ) (1 — 2m0) (e +2) + T T 12 0
Eo
T T TR I by .

where Ey, 1y, and f, are the Young’s modulus, Poisson’s ratio,
and the CTE of the PMMA, respectively. The equilibrium equa-
tions require

PY(xy) | P(xy) _ 1+w
: : 0 23
ayz + axz 1 — ﬁ() 0 ( )
The solution of the preceding equation is given by
Woy) = 11+Voﬁ JOo JO 0o(E,)
J 2n 1 — 0] 0 E=—o00 Jn=—ho ot
x Iny/(x = &)+ (y — n)*dédn 24)
The displacements can then be obtained by Eq. (20) as
o=t g r@ r (&) déd
x o) —5
IEZIEY A P (=&’ + 0 —n’
1l4m, r JO Bo(.) y—n déd
uy = ol )7 744
Yol = ) Sy x—&+@y—n)7
(25
The displacements at y = 0 are given by
o L1+ r° r‘ Bo(.) x—¢ déd
Uy =s———— 0l 1) ——7 5 d¢can
2n 1 — 0] 0. t=—o0 Jp=—hy (X — 5)2 + 7’]2
(26)
11+ JW JO
0
Uy = 5—-——f 0o(&, n)idédn
TN N R
The combination of Egs. (21)—(23) gives the stresses
Ji_anz_lﬁgi_anz_lllaianzl//
T 4oy’ T 4ot YT 14 1490x0y
(27

The tractions at y = —hg are
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h EoBy 0 0n (& (ho+n)*—(x— &)
i a— (&mn)
) 27(1 — vp) J;:—DO Jq:—hg ! [(x _ £)2+(h0 i ]7)2}2

X dédn

2= (o + 1)
(= &P+ 2]

ho Eopy

0
Ovw = — a7 O0(&,
"‘} 27'[(1 — V()) Jé:—m J.n:fhn O(C n)

x dédy (28)

3.2 Solutions for Auxiliary Problem II. The Airy stress
function for this problem can be written as [17]

Pley) = 3jm $(,y) cos(&x)de

T Jo

(29)

Substituting the preceding equations into the biharmonic equation
and solving for ¢, one can obtain

o5) = 2| {1400 + 58014 + e+ (e}

x cos(&x)dé (30

where A(E), B(&), C(£), and D(&) are to be determined from the
boundary conditions. The stress components are given by

azd’ 2%, &y 2 —& 2 &y
- = == YA —28)e B &
Oy 9y nL [f e —+ (f y f)e + & e¥C

+ (ézy + Zé)e‘fyD] cos(&x)dé

0? 2(% ., . oo o
Oy = Txf =-Z= [0 (QZE—cyA + Eye OB + 2V C + €2yequ)
x cos(&x)dé
Po_2(r . o vy -
6“}':_8X—8y:EL [—ge YA+ (1 = &y)e B+ EeVC

+ (1+ &y)eD] ¢ sin(éx)dé 31)

From the plane-strain constitutive equations, the displacements
can be solved as

2 1 —|— 140 oo _& oy 13
u(x,y) = [Ee™ A+ (=2 +2up + &y)e B + EeC
n Eo Jo
+(2-2u+ éy)e‘:"D] sin(&x)d¢
2 1 - o ,
uy(x,y) = It [ [Ce @A+ (Ey+1—2u)e B — & C
T Ey Jo
— (& — 1+ 21p)e” D] cos(&x)dE (32)
The boundary conditions a,, = —(f”" and 0,y = —af; aty = —hg
and u, = —u® and u, = u(v’ at’ y =0 yield the following
equations:

Journal of Applied Mechanics

M E2etho Epgeho — et Epge=ho (A
_ézeého (é + ézho)eihu ézeffho (Cf _ 62h0)€75170 B
14 -2+ 2 & 2 -2 C
L ¢ 1 -2 —¢ 1-2vy 1D

J 0”0 cos(&x)dx

J a sm(éx)
x=0
=— (33)

rc Eo 0 sin(&x)dx
u’
wol+wm *

Jm Eo 0 cos(éx)d
T uy Ex)dx

which are used to solve A, B, C, and D. The superposition of
Problem I and Problem II gives the vertical displacement at the
PMMA top surface as

1 1+V0
27‘(1—1/()

u;urface( ) —

wf [ e

h 2(1
« 20 +1 Sdédn + (1+ 1)
(x—=&)"+(ho +n) nEg
X J [cfeih“A +(=&hp+1— 2V0)€5I1')B — Ee~<hoC
0
—(=Cho— 1+ ZVO)e_éh”D] cos(&x)d¢é (34)

and its amplitude is |u‘“rfﬂ°e( )|, which is the detected thermal
expansion in the experiment.

4 Scaling Law for Thermal Expansion

The temperature increase and thermal expansion in Secs. 2
and 3 are very complex. In this section, we will establish a
simple scaling law to clearly show the influences of various
material, geometric, and loading parameters (e.g., power per
unit length Qp). Such a scaling law is very useful to map the
thermal expansion to the temperature distribution and deter-
mine Q.

The thermal diffusion length is defined as Lo =1/qo
= \/ % / 2a) \/ oo/ (47f). The thermal diffusivity of PMMA
is ~1077 1, such that Ly is larger than, or on the order
of, 1um for a frequency smaller than 100 kHz [18]. In
experiments, the PMMA thickness (%) is usually on the order
of 100nm, which is much smaller than the thermal
diffusion length. Therefore, the temperature throughout the
thickness of the PMMA can be approximately equal to its
surface temperature in Eq. (19), which can be rewritten by
changing n = sr as

JULY 2013, Vol. 80 / 040907-5
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1-— h
T zcosh L—O i+ i(qor)z]

20, [*
05urface (X) = # [ -
rJo sin (5 ;7) »
—F——=—-——cC0s <—. 11)
m/?+ilqr)
where
2 2
ko \/1* +i(qar)
. h
ki VP Fil@r)? 22 +i(qir)?
K= e T
fo \/ 12 +i(qar)?
" >
"\ i)

The thermal conductivity and diffusivity are ko = 0.19 Wm™'K~!
and oo = 1.1 x 1077 m2s~! for PMMA [18,19], k; = 1.3 Wm™'K~!
and o; = 8.4 x 1077 m?s~! for SiO, [20], and k» = 120 Wm 'K ™!
and oy =7.3 x 1079 m?s~! for Si [21], respectively. The thick-
nesses of the PMMA and SiO, are on the order of 100 nm. The
integrand in Eq. (35) rapidly decreases within a range of 102
and, therefore, sin((7/2)n) ~ (n/2)n. For frequencies smaller than
100 kHz and SWNT radius r ~ 1 nm, gor, ¢,7, and g,r are smaller
than, or on the order of, 102 such that they can be neglected.
These, together with a large ratio k,/k; ~ 100 and a small ratio
ko/ky ~ 0.1, simplify Eq. (35) to

Qo (x hy Iy
Osurtace()‘) = — g(iﬂ, . ’_) (36)
where
h
i h Ootanh(’—‘ln) cos(j—fq)
g(;;,—f’,,—}):[ g (37)

h
0 n cosh (—0 17)
’

is a nondimensional function of the normalized position x/r. It
depends only on the normalized thicknesses /g /r and h; /r, which
will be studied in Sec. 5.

Since the temperature in the PMMA is independent of its
thickness, which is very thin, we can further assume that the plane
stress is valid in the y direction, i.e., gy, =0 and o,, = 0. The
amplitude of the oscillating vertical displacement of the PMMA
can be obtained as

71+l/0

M;urface (x) 1 7 ﬁohoesurface ()C)
_ o I+ m)Boho (x ho By
-0 0 o)k 8\ (38)

This simple expression shows that the temperature distribution
has the same profile as the thermal expansion but a different am-
plitude with a factor of (1 + vy/1—14p)fyho. With all other materi-
als and geometric parameters known, the power dissipation per
unit length Oy can be easily determined.

5 Results and Discussion

An FEA is also performed to validate the analytical models.
A 2D model is developed using the commercial software

040907-6 / Vol. 80, JULY 2013

koy/n? +i(qor)”  [h
I A S {—0 P+ i(qor)z}
. r
kiy/ 1 +iqur)’

dy (35

(COMSOL) with the combined modules of heat conduction
(transient) and mechanical stress-strain analysis (quasi-static).
The width of the simulated domain is 200 um. The Si substrate
has a finite thickness of 500um. The heat source Q(r)
= Qo[1 + cos(2wt)] is applied to the SWNT at the interface
between the PMMA and SiO,. The bottom of the Si is set to a
constant temperature and all of the other surfaces have natural
convection with the coefficient of heat convection of 25 Wm >
K™'. The mechanics boundaries include fully constrained at the
bottom of the Si substrate and traction-free boundaries at the other
surfaces. The thermal properties of the PMMA, SiO,, and Si are
given in Sec. 4. The CTE, Young’s modulus, and Poisson’s ratio
are f, =50 x 107 K~!, Ey =3.0 GPa, and 1y = 0.35 for the
PMMA [16,22,23], B, =0.5x 10® K~!, E; =64 GPa, and
vy =0.17 for the SiO, [14,24,25], and f, = 2.6 x 107® K1,
E; = 165 GPa, and v, = 0.28 for the SiO, [15,24,26]. The ampli-
tude of the out-of-plane thermal expansion at the top surface is
extracted from the final cycle of the simulation to ensure the
results to be steady state.

Figure 4 compares the distribution of the approximate surface
temperature increase in Eq. (36) to the FEA and the accurate sur-
face temperature increase in Eq. (35) for the power dissipation per
unit length Qp =1 W/m at f =30 kHz. The thicknesses are
ho =26 nm for the PMMA and s; = 90 nm for the SiO,. The
radius of the SWNT is r = Inm. The results clearly show that
the simple expression of temperature increase agrees well with the
FEA and the complex accurate solution. The thermal expansion
profiles along the cross section are shown in Fig. 5. The power
dissipation per unit length Qy is determined to be 7.7 Wm™ . It is
observed that the simple expression of thermal expansion in
Eq. (38) gives a good approximation.

The achievable level of spatial resolution is an important
characteristic of the SJEM measurement. This level is fully
determined by the nondimensional function g(x/r;ho/r,hi/r).
The characteristic width is defined as the full width at half-
maximum (FWHM), which can be solved for x/r in g(x/r;
ho/ryhy/r) = (1/2)g(0;ho/r, by /1), ie.,

0.6 1 1 1 1 1

—— Accurate
O Approximate
A FEA

N
IS
1

o
N
1
T

Temperature increase (°C)

0.0 0.2

Position (um)

-0.2

Fig. 4 Surface temperature distribution along the cross
sections given by the analytical model of the accurate and
approximate solutions and the FEA for the power density
Qo=1W/m at f =30 kHz
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Fig. 5 Expansion profiles along the cross sections given
by the analytical model of the accurate and approximate
solutions and the FEA with the power density determined as
Q=77 W/mat f =30 kHz

700 1 1 1 1 1 |
Accurate hl/r =400 o 09
6004 O Approximate _ o r
A FEA h /r=200 OOO
5004 W Experiment o0 o r
O
~ 4004 00Ot
S o
< 300+ -
b =50
200 1 3
o
o
O
o O L
100 o0
0 T T T

40 80 120 160 200 240
h /r

0

Fig. 6 The normalized FWHM (FWHM/r) versus the normalized
PMMA thickness (ho/r) at different normalized SiO, thicknesses

(h/n

hy
~ tanh (—ﬁ 11) |
J ! ) {cos (jf n) - 5} dn=0 39)

0 n cosh (—O n
’

Figure 6 shows the normalized FWHM by r versus the normalized
PMMA thickness (ho/r) at different normalized SiO, thicknesses
(hy/r). The good agreement among the accurate solution, approxi-
mate solution, the FEA, and experiments [11] at /; /r = 200 vali-
dates the models. The FWHM increases almost linearly with the
thickness of the PMMA, corresponding to the decrease in spatial
resolution. As the thickness of SiO, increases, the FWHM also
increases. These results suggest that thin PMMA and thin SiO,
give a high resolution. For /y/r ~ 10 and h;/r ~ 10, the spatial
resolution is as good as ~50 nm.

6 Concluding Remarks

We have developed an analytical model to study the thermal
imaging of single-walled carbon nanotube devices by SJEM. The
analytical model is validated by finite element simulations and
experiments. A simple scaling law at low frequencies (<100 kHz)
for thermal expansion in terms of the material and geometrical
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parameters is obtained. The normalized thermal expansion only
depends on two nondimensional geometric parameters: the nor-
malized PMMA thickness and the normalized SiO, thickness.
Such a scaling law provides a simple way to determine the surface
temperature distribution from the measured thermal expansion in
experiments. With other material and geometrical parameters
known, the only free parameter power dissipation per unit length
in an SWNT can be determined. The results suggest the thinner
the PMMA and SiO, layers, the higher the spatial resolution,
which is as good as ~50 nm.
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