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Thermomechanical Modeling
of Scanning Joule Expansion
Microscopy Imaging of
Single-Walled Carbon
Nanotube Devices
An analytical model, validated by experiments and finite element simulations, is devel-
oped to study the thermal imaging of single-walled carbon nanotube (SWNT) devices
by scanning Joule expansion microscopy (SJEM). A simple scaling law for thermal
expansion at low frequencies, which only depends on two nondimensional geometric
parameters, is established. Such a scaling law provides a simple way to determine the
surface temperature distribution and power dissipation per unit length in an SWNT from
the measured thermal expansion in experiments. The results suggest the spatial resolution
of the SJEM measurement is as good as �50 nm. [DOI: 10.1115/1.4024175]
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1 Introduction

Single-walled carbon nanotubes (SWNTs) possess superior
electrical and thermal properties, which enable high-performance
transistors [1,2], advanced interconnects [3], and other compo-
nents of relevance to various forms of electronics. Joule heating
of SWNTs and subsequent thermal transport into the surroundings

may critically affect the design, operation, and reliability of
SWNT devices. There exist several different approaches to mea-
sure the temperature distributions in SWNT devices for under-
standing the fundamental properties in device design. One such
method is known as scanning thermal microscopy (SThM) based
on atomic force microscopy (AFM). In SThM, thermocouples or
other temperature sensors are fabricated on the very end of AFM
cantilever tips to scan over a surface in order to measure the tem-
perature [4–8]. The spatial and temperature resolution of a SThM
is limited by the sensor size on a submicrometer scale. Much
effort has been focused on reducing the sensor size to increase the
resolution at the cost of fabrication difficulty. In addition, the
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heat flow between the cantilever and substrate can be difficult to
accurately describe. To overcome these difficulties, a new tech-
nique called scanning Joule expansion microscopy (SJEM) was
proposed [9,10]. In SJEM, a conventional AFM cantilever is used
to measure the thermal expansion to reveal the underlying temper-
ature distributions.

Xu et al. investigated heat generation and transport in transis-
tors that incorporate straight horizontally aligned arrays of indi-
vidual SWNTs by SJEM [11]. Several electronic behaviors have
been revealed, including metallic and semiconducting responses,
spatial variations in diameter or chirality, and localized defect
sites. Figure 1(a) shows the schematic illustration of the experi-
mental setup for the SJEM measurement of an SWNT device con-
sisting of several SWNTs on an SiO2/Si substrate. A layer of
poly(methyl methacrylate) (PMMA) is coated on the top of the
device to protect the SWNTs and amplify the thermomechanical
expansion caused by Joule heating of the SWNTs from an alter-
nating voltage VðtÞ ¼ Vds cosðxtÞ (with angular frequency x and
frequency f ¼ x=2p) between the drain and source contacts. The
resulting time-oscillating temperature increase and thermal expan-
sion will oscillate with frequency 2f. An AFM probe operating in
contact mode is then used to scan the top surface of the PMMA
and measure the vertical displacements. Detection with a lock-in
amplifier tuned to frequency 2f gives the deflections of the AFM
cantilever due to electrically driven thermal expansion, as shown
in Fig. 1(b). Instead of a numerical modeling of the SJEM [12,13],
an analytical thermomechanical model is needed to derive the
temperature distributions and power dissipation in an SWNT from
measurements of thermal expansion.

The objective of this paper is to develop an analytical thermo-
mechanical model for the SJEM measurement of SWNT devices.
A scaling law of thermal expansion at low frequencies is
established in terms of nondimensional combinations of material,
geometric parameters, and frequency. The analytical model will
be validated by the finite element analysis and experiments.
The paper is outlined as follows. The thermal modeling for tem-
perature distribution is developed in Sec. 2, while the thermo-
mechanical modeling for thermal expansion is presented in Sec. 3.
The scaling law of thermal expansion at low frequencies is given
in Sec. 4. The results and discussion are given in Sec. 5.

2 Thermal Modeling for Temperature Distribution

As shown in Fig. 1(b), a two dimensional (2D) analysis is
reasonable for locations away from the SWNT ends due to the
large aspect ratio of SWNTs. The analytically modeled system
includes SWNTs on an SiO2/Si substrate with a PMMA layer on
the top, as shown in Fig. 2. Because the thickness of Si, �500 lm,
is much larger than those of SiO2 (h1 � 100nm) and PMMA
(h0 � 100nm), it is modeled as a semi-infinite substrate. Heat
transfer mainly occurs through the surface of SWNTs and, there-

fore, it can be modeled as a planar heat source at the PMMA-SiO2

interface. For an SWNT with radius r, the half width of heat
source can be approximated by b ¼ pr=2, such that it has the
same circumference. For an applied voltage VðtÞ ¼ Vds cosðxtÞ,
the power dissipation per unit length along the SWNT takes the
form of Q0½1þ cosð2xtÞ�, where Q0 is the steady-state component
and Q0 cosð2xtÞ is the time-oscillating component. The resulting
temperature increase and thermal expansion will have both
steady-state and time-oscillating terms. Since the SJEM measures
the time-oscillating component of the thermal expansion, we
only consider the temperature increase and thermal expansion
due to the time-oscillating power dissipation per unit length
QðtÞ ¼ Q0 cosð2xtÞ.

The origin of the coordinate system (x, y) is located at the cen-
ter of the SWNT, with x along the interface and y pointing into
the Si substrate (see Fig. 2). The temperature increase from the
ambient temperature DTðx; y; tÞ ¼ T � T1 satisfies the heat con-
duction equation

@DT

@t
� a

@2DT

@x2
þ @

2DT

@y2

� �
¼ 0 (1)

where a ¼ k=ðcqÞ is the thermal diffusivity with k as the thermal
conductivity, c as the specific heat capacity, and q as the mass
density. In the following, the subscripts 0, 1, and 2 denote
PMMA, SiO2, and Si, respectively.

A finite element analysis (FEA) shows that the heat losses from
radiation and convection are negligible. The top surface of the
PMMA (y ¼ �h0) can be assumed to be thermal insulating, which
gives

�k0

@DT

@y

����
y¼�h0

¼ 0 (2)

The temperature is continuous across the PMMA-SiO2 interface
(y ¼ 0), i.e.,

DTjy¼0þ¼ DTjy¼0� (3)

Fig. 1 (a) Schematic illustration of the experimental setup for scanning Joule
expansion microscopy imaging of an SWNT device, and (b) the SJEM image of an
SWNT device collected at V ds 5 4 V, f 5 30 kHz and a PMMA thickness �25 nm

Fig. 2 Schematic illustration of the analytically modeled
system
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and the heat flux is also continuous except for the region of heat
source (y ¼ 0; jxj � b)

� k1

@DT

@y

����
y¼0þ
þ k0

@DT

@y

����
y¼0�
¼

0 xj j > b
Q tð Þ
2b

xj j � b

(
(4)

Continuity of the temperature and heat flux across the SiO2-Si
interface (y ¼ h1) requires

DTjy¼hþ
1
¼ DTjy¼h�

1
(5)

and

� k2

@DT

@y

����
y¼hþ

1

¼ �k1

@DT

@y

����
y¼h�

1

(6)

The ambient temperature at the bottom surface of Si (y¼1)
gives

DTjy¼1¼ 0 (7)

The power dissipation per unit length QðtÞ ¼ Q0 cosð2xtÞ
can be written as the real part of Q0ei2xt. The temperature increase
has the same frequency and takes the form hðx; yÞei2xt, where
hðx; yÞ ¼ jhðx; yÞje2ib with b as the phase angle of hðx; yÞ. The
amplitude of the temperature increase is given by jhðx; yÞj. Substi-
tution of hðr; xÞei2xt into Eq. (1) gives

@2h
@x2
þ @

2h
@y2
� iq2h ¼ 0 (8)

where q ¼
ffiffiffiffiffiffiffiffiffiffiffi
2x=a

p
. Due to the symmetry of the problem, we only

focus on the region with x � 0. The Fourier transform

�h s; yð Þ ¼
ffiffiffi
2

p

r ð1
0

h x; yð Þ cos sxð Þdx

of Eq. (8) gives an ordinary differential equation

d2 �h
dy2
� s2 þ iq2
� �

�h ¼ 0 (9)

The preceding equation has the solution

�h s; yð Þ ¼ A sð Þey
ffiffiffiffiffiffiffiffiffiffi
s2þiq2
p

þ B sð Þe�y
ffiffiffiffiffiffiffiffiffiffi
s2þiq2
p

(10)

where AðsÞ and BðsÞ are to be determined and are denoted by A0

and B0 for the PMMA, A1 and B1 for SiO2, and A2 and B2 for the
PMMA, respectively. The Fourier transform of the boundary and
continuity conditions in Eqs. (2)–(6) yield

A0e�h0

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

0

p
� B0eh0

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

0

p
¼ 0 (11)

A0 þ B0 ¼ A1 þ B1 (12)

k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

q
A0 � B0ð Þ � k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

1

q
A1 � B1ð Þ ¼ Q0 sin sbð Þffiffiffiffiffiffi

2p
p

bs

(13)

A1eh1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p
þ B1e�h1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p
¼ A2eh1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

2

p
þ B2e�h1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

2

p

(14)

k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

1

q
A1eh1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p
� B1e�h1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p� 	
¼ k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

2

q
A2eh1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

2

p
� B2e�h1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

2

p� 	
(15)

A2 ¼ 0 (16)

Solving Eqs. (11)–(16) yields

A0

B0

A1

B1

A2

B2

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
¼

Q0 sin
pr

2
s

� 	
prs

ffiffiffiffiffiffi
2p
p f sð Þ

1þ jð Þeh0

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

0

p

1þ jð Þe�h0

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

0

p

2j cosh h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

p� 	
2 cosh h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

p� 	
0

2 cosh h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

p� 	
eh1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

2

p
jeh1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p
þ e�h1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

ph i

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(17)

where

f sð Þ ¼ 1

1� jð Þk1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

1

p
cosh h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

p� 	
þ 1þ jð Þk0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

p
sinh h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

p� 	

j ¼
1� k2

k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

1

p
1þ k2

k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

1

p e�2h1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p

where q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2x=a0

p
, q1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2x=a1

p
, and q2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2x=a2

p
.

The inverse Fourier transform

h x; yð Þ ¼
ffiffiffi
2

p

r ð1
0

�h s; yð Þ cos sxð Þds

gives the temperature increase in the PMMA, SiO2, and Si as
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h0 x; yð Þ ¼ 2Q0

p2r

ð1
0

sin
pr

2
s

� 	
s

f sð Þ 1þ jð Þ cosh h0 þ yð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

q
 �

� cos sxð Þds

h1 x; yð Þ ¼ 2Q0

p2r

ð1
0

sin
pr

2
s

� 	
s

f sð Þ cosh h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

q� �

� jey
ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p
þ e�y

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p� 	
cos sxð Þds

h2 x; yð Þ ¼ 2Q0

p2r

ð1
0

sin
pr

2
s

� 	
s

f sð Þ cosh h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ iq2

0

q� �

� jeh1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p
þ e�h1

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

1

p� 	
e h1�yð Þ

ffiffiffiffiffiffiffiffiffiffi
s2þiq2

2

p
cos sxð Þds

(18)

The temperature increase on the surface (y ¼ �h0) of the PMMA,
which is used to compare the FEA in Sec. 5, is given by

hsurface xð Þ ¼ 2Q0

p2r

ð1
0

sin
pr

2
s

� 	
s

f sð Þ 1þ jð Þ cos sxð Þds (19)

and its amplitude is jhsurfaceðxÞj.

3 Thermomechanical Modeling for Thermal

Expansion

The coefficients of thermal expansion (CTEs) of the SiO2 and
Si (�10�6) [14,15] are much smaller than that of the PMMA
(�5� 10�5) [16] and the temperature rise in Si is significant only
near its surface and quickly diminishes. [11]. Therefore, the con-
tributions of SiO2 and Si to the SJEM signal can be neglected.
This allows an analytical study of the SJEM signal by only
considering thermal expansion in the PMMA layer that is
traction-free on the top surface (y ¼ �h0) and fully constrained at
the bottom (y ¼ 0). The problem can be solved by superposing
the solutions of two auxiliary problems (see Fig. 3):

(I) an infinite plane with a temperature distribution h0ðx; yÞ
obtained in Sec. 2

(II) a finite plane without a temperature distribution but with
its upper boundary tractions and lower boundary displace-
ments to negate those from Problem I at the same locations

3.1 Solutions for Auxiliary Problem I. Problem I can be
solved by introducing a potential of thermal displacement wðx; yÞ.
The displacements are assumed to be

ux ¼
@w x; yð Þ
@x

; uy ¼
@w x; yð Þ
@y

(20)

which give the strains

exx ¼
@2w x; yð Þ
@x2

; eyy ¼
@2w x; yð Þ
@y2

; exy ¼
@2w x; yð Þ
@x@y

(21)

The constitutive equations are

rxx ¼
E0�0

1þ �0ð Þ 1� 2�0ð Þ ex þ ey

� �
þ E0

1þ �0

exx �
b0E0

1� 2�0

h0

ryy ¼
E0�0

1þ �0ð Þ 1� 2�0ð Þ ex þ ey

� �
þ E0

1þ �0

eyy �
b0E0

1� 2�0

h0

rxy ¼
E0

1þ �0

exy (22)

where E0, �0, and b0 are the Young’s modulus, Poisson’s ratio,
and the CTE of the PMMA, respectively. The equilibrium equa-
tions require

@2w x; yð Þ
@y2

þ @
2w x; yð Þ
@x2

¼ 1þ �0

1� �0

b0h0 (23)

The solution of the preceding equation is given by

w x; yð Þ ¼ 1

2p
1þ �0

1� �0

b0

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ

� ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� nð Þ2þ y� gð Þ2

q
dndg (24)

The displacements can then be obtained by Eq. (20) as

ux ¼
1

2p
1þ �0

1� �0

b0

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ x� n

x� nð Þ2þ y� gð Þ2
dndg

uy ¼
1

2p
1þ �0

1� �0

b0

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ y� g

x� nð Þ2þ y� gð Þ2
dndg

(25)

The displacements at y ¼ 0 are given by

u0
x ¼

1

2p
1þ �0

1� �0

b0

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ x� n

x� nð Þ2þ g2
dndg

u0
y ¼

1

2p
1þ �0

1� �0

b0

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ �g

x� nð Þ2þ g2
dndg

(26)

The combination of Eqs. (21)–(23) gives the stresses

rxx ¼ �
E0

1þ �0

@2w
@y2

; ryy ¼ �
E0

1þ �0

@2w
@x2

; rxy ¼
E0

1þ �0

@2w
@x@y

(27)

The tractions at y ¼ �h0 areFig. 3 Schematic illustration of the thermomechanical model
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rh0

yy ¼ �
E0b0

2p 1� �0ð Þ

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ h0 þ gð Þ2� x� nð Þ2

x� nð Þ2þ h0 þ gð Þ2
h i2

� dndg

rh0

xy ¼ �
E0b0

2p 1� �0ð Þ

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ �2 x� nð Þ h0 þ gð Þ

x� nð Þ2þ h0 þ gð Þ2
h i2

� dndg (28)

3.2 Solutions for Auxiliary Problem II. The Airy stress
function for this problem can be written as [17]

/ x; yð Þ ¼ 2

p

ð1
0

�/ n; yð Þ cos nxð Þdn (29)

Substituting the preceding equations into the biharmonic equation
and solving for /, one can obtain

/ x; yð Þ ¼ 2

p

ð1
0

n
A nð Þ þ yB nð Þ½ �e�ny þ C nð Þ þ yD nð Þ½ �eny

o

� cos nxð Þdn (30)

where AðnÞ, BðnÞ, CðnÞ, and DðnÞ are to be determined from the
boundary conditions. The stress components are given by

rxx ¼
@2/
@y2
¼ 2

p

ð1
0

�
n2e�nyAþ n2y� 2n

� �
e�nyBþ n2enyC

þ n2yþ 2n
� �

enyD



cos nxð Þdn

ryy ¼
@2/
@x2
¼ � 2

p

ð1
0

n2e�nyAþ n2ye�nyBþ n2enyCþ n2yenyD
� �

� cos nxð Þdn

rxy ¼ �
@2/
@x@y

¼ 2

p

ð1
0

�
� ne�nyAþ 1� nyð Þe�nyBþ nenyC

þ 1þ nyð ÞenyD


n sin nxð Þdn (31)

From the plane-strain constitutive equations, the displacements
can be solved as

ux x; yð Þ ¼ 2

p
1þ �0

E0

ð1
0

�
ne�nyAþ �2þ 2�0 þ nyð Þe�nyBþ nenyC

þ 2� 2�0 þ nyð ÞenyD



sin nxð Þdn

uy x; yð Þ ¼ 2

p
1þ �0

E0

ð1
0

�
ne�nyAþ nyþ 1� 2�0ð Þe�nyB� nenyC

� ny� 1þ 2�0ð ÞenyD



cos nxð Þdn (32)

The boundary conditions ryy ¼ �rh0
yy and rxy ¼ �rh0

xy at y ¼ �h0

and ux ¼ �u0
x and uy ¼ �u0

y at y ¼ 0 yield the following
equations:

�n2enh0 n2h0enh0 �n2e�nh0 n2h0e�nh0

�n2enh0 nþ n2h0

� �
enh0 n2e�nh0 n� n2h0

� �
e�nh0

n �2þ 2�0 n 2� 2�0

n 1� 2�0 �n 1� 2�0

2
6666666664

3
7777777775

A

B

C

D

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

¼ �

ð1
x¼0

rh0

yy cos nxð Þdx

ð1
x¼0

rh0

yy sin nxð Þdx

ð1
x¼0

E0

1þ �0

u0
x sin nxð Þdx

ð1
x¼0

E0

1þ �0

u0
y cos nxð Þdx

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

(33)

which are used to solve A, B, C, and D. The superposition of
Problem I and Problem II gives the vertical displacement at the
PMMA top surface as

usurface
y xð Þ ¼ � 1

2p
1þ �0

1� �0

b0

ð1
n¼�1

ð0

g¼�h0

h0 n; gð Þ

� h0 þ g

x� nð Þ2þ h0 þ gð Þ2
dndgþ 2 1þ �0ð Þ

pE0

�
ð1

0

�
nenh0 Aþ �nh0 þ 1� 2�0ð Þenh0 B� ne�nh0 C

� �nh0 � 1þ 2�0ð Þe�nh0 D



cos nxð Þdn (34)

and its amplitude is jusurface
y ðxÞj, which is the detected thermal

expansion in the experiment.

4 Scaling Law for Thermal Expansion

The temperature increase and thermal expansion in Secs. 2
and 3 are very complex. In this section, we will establish a
simple scaling law to clearly show the influences of various
material, geometric, and loading parameters (e.g., power per
unit length Q0). Such a scaling law is very useful to map the
thermal expansion to the temperature distribution and deter-
mine Q0.

The thermal diffusion length is defined as L0 ¼ 1=q0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0=ð2xÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0=ð4pf Þ

p
. The thermal diffusivity of PMMA

is �10�7 m2 s�1, such that L0 is larger than, or on the order
of, 1 lm for a frequency smaller than 100 kHz [18]. In
experiments, the PMMA thickness (h0) is usually on the order
of 100 nm, which is much smaller than the thermal
diffusion length. Therefore, the temperature throughout the
thickness of the PMMA can be approximately equal to its
surface temperature in Eq. (19), which can be rewritten by
changing g ¼ sr as
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*
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r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q
 �
þ
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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r
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>;
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sin
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q cos
x

r
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dg (35)

where

j ¼

1� k2

k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ i q2rð Þ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ i q1rð Þ2

q

1þ k2

k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q
e
�2
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ i q1rð Þ2

q

The thermal conductivity and diffusivity are k0 ¼ 0:19 Wm�1K�1

and a0 ¼ 1:1� 10�7 m2s�1 for PMMA [18,19], k1 ¼ 1:3 Wm�1K�1

and a1 ¼ 8:4� 10�7 m2s�1 for SiO2 [20], and k2 ¼ 120 Wm�1K�1

and a2 ¼ 7:3�10�5 m2s�1 for Si [21], respectively. The thick-
nesses of the PMMA and SiO2 are on the order of 100 nm. The
integrand in Eq. (35) rapidly decreases within a range of 10�2

and, therefore, sinððp=2ÞgÞ � ðp=2Þg. For frequencies smaller than
100 kHz and SWNT radius r� 1 nm, q0r, q1r, and q2r are smaller
than, or on the order of, 10�3 such that they can be neglected.
These, together with a large ratio k2=k1 � 100 and a small ratio
k0=k1 � 0:1, simplify Eq. (35) to

hsurfaceðxÞ ¼
Q0

pk1

g
x

r
;
h0

r
;
h1

r

� �
(36)

where

g
x

r
;
h0

r
;
h1

r

� �
¼
ð1

0

tanh
h1

r
g

� �
cos

x

r
g

� 	

g cosh
h0

r
g

� � dg (37)

is a nondimensional function of the normalized position x=r. It
depends only on the normalized thicknesses h0=r and h1=r, which
will be studied in Sec. 5.

Since the temperature in the PMMA is independent of its
thickness, which is very thin, we can further assume that the plane
stress is valid in the y direction, i.e., ryy ¼ 0 and rxy ¼ 0. The
amplitude of the oscillating vertical displacement of the PMMA
can be obtained as

usurface
y ðxÞ ¼ 1þ �0

1� �0

b0h0hsurface xð Þ

¼ Q0

1þ �0ð Þb0h0

1� �0ð Þpk1

g
x

r
;
h0

r
;
h1

r

� �
(38)

This simple expression shows that the temperature distribution
has the same profile as the thermal expansion but a different am-
plitude with a factor of ð1þ �0=1��0Þb0h0. With all other materi-
als and geometric parameters known, the power dissipation per
unit length Q0 can be easily determined.

5 Results and Discussion

An FEA is also performed to validate the analytical models.
A 2D model is developed using the commercial software

(COMSOL) with the combined modules of heat conduction
(transient) and mechanical stress-strain analysis (quasi-static).
The width of the simulated domain is 200 lm. The Si substrate
has a finite thickness of 500 lm. The heat source QðtÞ
¼ Q0½1þ cosð2xtÞ� is applied to the SWNT at the interface
between the PMMA and SiO2. The bottom of the Si is set to a
constant temperature and all of the other surfaces have natural
convection with the coefficient of heat convection of 25 Wm�2

K�1. The mechanics boundaries include fully constrained at the
bottom of the Si substrate and traction-free boundaries at the other
surfaces. The thermal properties of the PMMA, SiO2, and Si are
given in Sec. 4. The CTE, Young’s modulus, and Poisson’s ratio
are b0 ¼ 50� 10�6 K�1, E0 ¼ 3:0 GPa, and �0 ¼ 0:35 for the
PMMA [16,22,23], b1 ¼ 0:5� 10�6 K�1, E1 ¼ 64 GPa, and
�1 ¼ 0:17 for the SiO2 [14,24,25], and b2 ¼ 2:6� 10�6 K�1,
E2 ¼ 165 GPa, and �2 ¼ 0:28 for the SiO2 [15,24,26]. The ampli-
tude of the out-of-plane thermal expansion at the top surface is
extracted from the final cycle of the simulation to ensure the
results to be steady state.

Figure 4 compares the distribution of the approximate surface
temperature increase in Eq. (36) to the FEA and the accurate sur-
face temperature increase in Eq. (35) for the power dissipation per
unit length Q0 ¼ 1 W=m at f ¼ 30 kHz. The thicknesses are
h0 ¼ 26 nm for the PMMA and h1 ¼ 90 nm for the SiO2. The
radius of the SWNT is r ¼ 1nm. The results clearly show that
the simple expression of temperature increase agrees well with the
FEA and the complex accurate solution. The thermal expansion
profiles along the cross section are shown in Fig. 5. The power
dissipation per unit length Q0 is determined to be 7.7 Wm�1. It is
observed that the simple expression of thermal expansion in
Eq. (38) gives a good approximation.

The achievable level of spatial resolution is an important
characteristic of the SJEM measurement. This level is fully
determined by the nondimensional function gðx=r; h0=r; h1=rÞ.
The characteristic width is defined as the full width at half-
maximum (FWHM), which can be solved for x=r in gðx=r;
h0=r; h1=rÞ ¼ ð1=2Þgð0; h0=r; h1=rÞ, i.e.,

Fig. 4 Surface temperature distribution along the cross
sections given by the analytical model of the accurate and
approximate solutions and the FEA for the power density
Q0 5 1 W=m at f 5 30 kHz
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Figure 6 shows the normalized FWHM by r versus the normalized
PMMA thickness (h0=r) at different normalized SiO2 thicknesses
(h1=r). The good agreement among the accurate solution, approxi-
mate solution, the FEA, and experiments [11] at h1=r ¼ 200 vali-
dates the models. The FWHM increases almost linearly with the
thickness of the PMMA, corresponding to the decrease in spatial
resolution. As the thickness of SiO2 increases, the FWHM also
increases. These results suggest that thin PMMA and thin SiO2

give a high resolution. For h0=r � 10 and h1=r � 10, the spatial
resolution is as good as �50 nm.

6 Concluding Remarks

We have developed an analytical model to study the thermal
imaging of single-walled carbon nanotube devices by SJEM. The
analytical model is validated by finite element simulations and
experiments. A simple scaling law at low frequencies (<100 kHz)
for thermal expansion in terms of the material and geometrical

parameters is obtained. The normalized thermal expansion only
depends on two nondimensional geometric parameters: the nor-
malized PMMA thickness and the normalized SiO2 thickness.
Such a scaling law provides a simple way to determine the surface
temperature distribution from the measured thermal expansion in
experiments. With other material and geometrical parameters
known, the only free parameter power dissipation per unit length
in an SWNT can be determined. The results suggest the thinner
the PMMA and SiO2 layers, the higher the spatial resolution,
which is as good as �50 nm.
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