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Analytical and Experimental
Studies of the Mechanics of
Deformation in a Solid With a
Wavy Surface Profile
The analytical solution is obtained for a semi-infinite linear elastic solid with a sinu-
soidal, “wavy” surface profile subject to applied strain. The amplitude A of a deformed
wavy surface is related to the initial amplitude A0 and the applied strain �a through the
simple expression A�A0�1��a�. This relation is confirmed independently by finite ele-
ment analyses and experimental measurements of strained wavy poly(dimethylsiloxane)
surfaces. Analytical solutions are also obtained for a wavy solid subject to stretch and
lateral displacement. �DOI: 10.1115/1.3132184�
Introduction

Controlled buckling of thin films on prestrained elastomeric
ubstrates has the potential to be a critical fabrication route for
echnologies in many areas of study, such as stretchable electron-
cs �1–11�, micro- and nanometrology methods �12,13�, tunable
hase optics �14,15�, and pattern formation at the micro-/
anoscale �16–19�. The mechanics of such systems have been
nvestigated extensively �20–26�. Although these systems have

any attractive features, one disadvantage is that compressive
trains in the buckled films, established during fabrication, pro-
ide film stretchability at the expense of reduced compressibility.
ecently, an alternative approach was presented in which the thin

tiff films were deposited directly onto a compliant substrate with
refabricated sinusoidal, “wavy” surface relief features �27�. Use
f such wavy systems would avoid any initial film strain, there-
ore achieving both high stretchability and compressibility.

The objective of this paper is to develop an analytical method
or studying the wavy substrate under applied strains or “stretch.”
uch a framework would provide a foundation for future studies
f stretchability and compressibility of stiff thin films on compli-
nt substrates. Analytical methods are described in Sec. 2, leading
o the solution for surface profile deformation of a bare, wavy
ubstrate subject to uniaxial tension. In Sec. 3 this solution is
ompared with experimental and numerical results. Finally, Sec. 4
resents another analytical solution for a wavy substrate subject to
ateral displacements; an analysis directly related to the system of
stiff thin film on a compliant substrate.
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2 Theory
Figure 1 shows a semi-infinite solid with a wavy surface profile

y=A0 cos kx subject to an applied strain �a in the x direction,
where A0 is the amplitude, k=2� /�, and � is the wavelength. The
solid is linear elastic with Young’s modulus E and Poisson’s ratio
�. A new coordinate system

� = x, � = y − A0 cos kx �1�

is introduced such that the wavy boundary y=A0 cos kx of the
solid becomes a straight line �=0 in the �� ,�� plane. The solid in
Fig. 1 is thus transformed to a semi-infinite solid �−	
�
	 ,
−	
�
0� in the new coordinate system. The partial derivatives
with respect to the physical coordinates �x ,y� can be written in
terms of �� ,�� as

�

�x
=

�

��
+ A0k sin k�

�

��
,

�

�y
=

�

��
�2�

To determine the change in profile amplitude under applied
strains, we first consider displacements in the x and y directions,
ux and uy, respectively. In terms of these displacements, the strains
are given by

�xx =
�ux

�x
=

�ux

��
+ A0k sin k�

�ux

��

�yy =
�uy =

�uy
�y ��
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2�xy =
�ux

�y
+

�uy

�x
=

�ux

��
+

�uy

��
+ A0k sin k�

�uy

��
�3�

ubstrate stresses can be obtained via the linear elastic relation for
lain-strain deformation

�xx =
E

�1 + ���1 − 2��
��1 − ���xx + ��yy�

�yy =
E

�1 + ���1 − 2��
��1 − ���yy + ��xx�

�xy =
E

1 + �
�xy �4�

or plane-stress deformation, E and � are replaced by E�1
2�� / �1+��2 and � / �1+��, respectively.
Substitution of Eqs. �3� and �4� into the equilibrium equation

5�, given as

��xx

��
+ A0k sin k�

��xx

��
+

��xy

��
= 0

��xy

��
+ A0k sin k�

��xy

��
+

��yy

��
= 0 �5�

ields the following two partial differential equations for ux and
y:

�1 − 2��� �2ux

��2 +
�2ux

��2 � +
�

��
� �ux

��
+

�uy

��
� + A0k sin k��4�1

− ��
�2ux

�� � �
+

�2uy

��2 � + 2�1 − ��A0k2 cos k�
�ux

��
+ 2�1

− ��A0
2k2 sin2 k�

�2ux

��2 = 0

�1 − 2��� �2uy

��2 +
�2uy

��2 � +
�

��
� �ux

��
+

�uy

��
� + A0k sin k��2�1

− 2��
�2uy

�� � �
+

�2ux

��2 � + �1 − 2��A0k2 cos k�
�uy

��
+ �1

− 2��A0
2k2 sin2 k�

�2uy

��2 = 0 �6�

oundary conditions for the system include a traction-free top
urface of the solid such that

n · ��xx �xy

�xy �yy
� = 0 at � = 0 �7�

here n represents the unit normal on the surface and is in the
irection �A0k sin kx ,1�. This direction is equivalent to
A0k sin k� ,1�. Simplifying these boundary conditions yield the

ig. 1 A solid with wavy surface subject to the applied strain
a. The wavelength is � and initial amplitude is A0.
xpressions
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A0k sin k��xx + �xy = 0, A0k sin k��xy + �yy = 0 at � = 0

�8�

Remote boundary conditions require �xx 	�→−	=�a due to the ap-
plied strain and vanishing tractions, i.e., �xy =0 and �yy =0.

For small amplitude �A0��, or equivalently A0k�1�, the per-
turbation method is used to write the displacements as

ux = ux
�0� + �A0k�ux

�1� + �A0k�2ux
�2� + ¯

uy = uy
�0� + �A0k�uy

�1� + �A0k�2uy
�2� + ¯ �9�

By sorting terms according to the power of A0k, substitution of
Eq. �9� into the equilibrium equation �6� and boundary condition
�8� leads to the following partial differential equations and bound-
ary conditions for ux

�i� and uy
�i� �i=0,1 ,2 , . . .� under plane-strain

deformation.
For zeroth �leading� order,

�1 − 2��� �2ux
�0�

��2 +
�2ux

�0�

��2 � +
�

��
� �ux

�0�

��
+

�uy
�0�

��
� = 0

�1 − 2��� �2uy
�0�

��2 +
�2uy

�0�

��2 � +
�

��
� �ux

�0�

��
+

�uy
�0�

��
� = 0 �10a�

�ux
�0�

��
+

�uy
�0�

��
= 0, �

�ux
�0�

��
+ �1 − ��

�uy
�0�

��
= 0, at � = 0

�10b�

�ux
�0�

��
+

�uy
�0�

��
= 0, �

�ux
�0�

��
+ �1 − ��

�uy
�0�

��
= 0, at � → − 	

�10c�

�ux
�0�

��
= �a, at � → − 	 �10d�

For first order,

�1 − 2��� �2ux
�1�

��2 +
�2ux

�1�

��2 � +
�

��
� �ux

�1�

��
+

�uy
�1�

��
�

= − sin k��4�1 − ��
�2ux

�0�

�� � �
+

�2uy
�0�

��2 � − 2�1 − ��k cos k�
�ux

�0�

��

�1 − 2��� �2uy
�1�

��2 +
�2uy

�1�

��2 � +
�

��
� �ux

�1�

��
+

�uy
�1�

��
�

= − sin k��2�1 − 2��
�2uy

�0�

�� � �
+

�2ux
�0�

��2 � − �1 − 2��k cos k�
�uy

�0�

��

�11a�

�ux
�1�

��
+

�uy
�1�

��
= −

sin k�

�1 − 2���2�1 − ��
�ux

�0�

��
+

�uy
�0�

��
� and

�1 − ��
�uy

�1�

��
+ �

�ux
�1�

��
= −

sin k�

2
� �ux

�0�

��
+ �1 − 2��

�uy
�0�

��
� at � = 0

�11b�

�ux
�1�

��
+

�uy
�1�

��
= − sin k�

�uy
�0�

��
and

�1 − ��
�uy

�1�

��
+ �

�ux
�1�

��
= − � sin k�

�ux
�0�

��
at � → − 	 �11c�
For second order,
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�1 − 2��� �2ux
�2�

��2 +
�2ux

�2�

��2 � +
�

��
� �ux

�2�

��
+

�uy
�2�

��
�

= − 2�1 − ��k cos k�
�ux

�1�

��
− sin k��4�1 − ��

�2ux
�1�

�� � �
+

�2uy
�1�

��2 �
− 2�1 − ��sin2 k�

�2ux
�0�

��2

1 − 2��� �2uy
�2�

��2 +
�2uy

�2�

��2 � +
�

��
� �ux

�2�

��
+

�uy
�2�

��
�

= − �1 − 2��k cos k�
�uy

�1�

��
− sin k��2�1 − 2��

�2uy
�1�

�� � �
+

�2ux
�1�

��2 �
− �1 − 2��sin2 k�

�2uy
�0�

��2 �12a�

�ux
�2�

��
+

�uy
�2�

��
= −

sin k�

�1 − 2��� �uy
�1�

��
+ 2�1 − ��

�ux
�1�

��

+ 2�1 − ��sin k�
�ux

�0�

��
�

�1 − ��
�uy

�2�

��
+ �

�ux
�2�

��
= −

sin k�

2
� �ux

�1�

��
+ �1 − 2��

�uy
�1�

��

+ �1 − 2��sin k�
�uy

�0�

��
� at � = 0

�12b�

�ux
�2�

��
+

�uy
�2�

��
= − sin k�

�uy
�1�

��

�1 − ��
�uy

�2�

��
+ �

�ux
�2�

��
= − � sin k�

�ux
�1�

��
at � → − 	

�12c�

he solution of the zeroth-�leading� order of Eq. �10� is

ux
�0� = �a�, uy

�0� = −
�

1 − �
�a� �13�

he corresponding stress field is the plane-strain tension in the x
irection, �xx

�0�=E / �1−�2��a, �yy
�0�=0, and �xy

�0�=0.
First-order solutions of Eq. �11� are

ux
�1� =

− 2 + 2� − k�

1 − �

�a

k
ek� sin k�

uy
�1� = �− 1 + 2� + k�

1 − �

�a

k
ek� −

�

1 − �

�a

k
�cos k� +

�a

k
�14�

he corresponding stress fields are �xx
�1�=−E�aek� / �1−�2��2

k��cos k�, �yy
�1�=E�aek� / �1−�2�k� cos k�, and �xy

�1�=
E�aek� / �1−�2��1+k��sin k�, which decrease exponentially
way from the top surface �=0.

The solution to the second-order equation �12� is

ux
�2� =

�a sin 2k�
��3 − 2� + 2k��e2k� − �3 − 2� + k��ek��
2k�1 − ��
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ded 24 Sep 2009 to 130.126.101.208. Redistribution subject to ASM
uy
�2� =

�a cos 2k�

2k�1 − ��
�− 2�� + k��e2k� + �2� + k��ek��

+
2� + k�

2k�1 − ��
�aek� −

�

k�1 − ��
�a �15�

with a corresponding stress field of

�xx
�2� =

E�a

2�1 − �2�
�2e2k� cos 2k��3 + 2k�� − ek��3 + k���1

+ cos 2k���

�yy
�2� =

E�a

2�1 − �2�
�− 2e2k��1 + 2k��cos 2k� + ek��1 + k���1

+ cos 2k���
and

�xy
�2� =

E�a sin 2k�

2�1 − �2�
�4e2k��1 + k�� − ek��2 + k���

These fields decrease exponentially away from the top surface �
=0.

Conditions ux=uy =0 at �=�=0 are imposed to eliminate the
rigid body motion. Displacement along the x and y directions on
the solid’s top surface can be obtained by substituting Eqs.
�13�–�15� into Eq. �9�

ux�� = 0� = �ax − 2A0�a sin kx

uy�� = 0� = A0�a�1 − cos kx� �16�
This gives the amplitude of deformed wavy profile as

A = A0�1 − �a� �17�

The error is of order O��aA0
2 /�2� as compared with unity, i.e., the

amplitude can be written as A=A0�1−�a+�a ·O�A0
2 /�2��.

3 Results and Experimental Procedures
Samples having a wavy surface profile were fabricated in a

sequential process in which features designed on a rigid silicon
template were imprinted into an elastomeric polymer such as
poly�dimethylsiloxane� �PDMS�. The critical steps of this fabrica-
tion process are illustrated in Fig. 2�a�. To generate the silicon
master, plasma-enhanced chemical vapor deposition �PECVD�
formed a thin �200 nm� silicon nitride layer on a Si �100� wafer
�SQI, Inc.�. Conventional photolithography and plasma etching
formed patterns of alternating lines and spaces, creating an etch
mask in the nitride layer. After stripping the remaining photore-
sist, the Si �100� was anisotropically etched in a hot �90°C� iso-
propyl alcohol buffered 25% potassium hydroxide �KOH� solution
for 35 min. Removing the nitride mask with concentrated hydrof-
luoric acid �49% HF� then exposed the underlying silicon surface
which had saw-tooth relief features similar to the first panel of
Fig. 2�a�. A thin layer of photoresist �MicroChem S1805� was spin
cast at 3500 rpm for 90 s onto the silicon, converting the saw-
tooth relief into an approximately sinusoidal shape able to be rep-
licated in a compliant material like PDMS.

Two consecutive molding steps were used to reproduce the
smoothed surface profile of the silicon/photoresist structure in a
thin �300 
m� layer of PDMS supported by a glass substrate. The
inverse of the saw-tooth profile was generated in a layer �75 
m�
of negative tone photoresist �SU-8 50; MicroChem Corp.� by
pressing the glass/PDMS element into liquid SU-8 on a thin
�100 
m� plastic substrate �PET�, flood exposing the system with
ultraviolet light ��=365 nm� for 30–40 s from both the top and
bottom, followed by a 5 min hotplate bake at 65°C. After sepa-
rating the PDMS and cured SU-8, spin-casting a layer of SU-8 2

1
�MicroChem Corp.� diluted to 2 volume fraction with SU-8 thin-
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er onto the molded SU-8 smoothed the relief valleys. A final
olding step was used to replicate the fully smoothed, sinusoidal

urface in a PDMS substrate of specified thickness �
2 mm�, as
n Fig. 2�b�.

The mechanics of these structures were examined through sur-
ace profilometry at various levels of strain. Rectangular samples
20�5�2 mm3� having wavy surface profiles were clamped at
ach end in a custom designed tensioning stage, which was used
o uniaxially strain the samples. At small strains �
6%�, changes
n the profile amplitude and wavelength were measured using a
rofilometer �Dektak 3030�. Figure 3 compares experimentally
easured amplitudes A �denoted by squares� versus the applied

train �a for a wavy PDMS substrate �E=2 MPa, �=0.48� �28�
ith a wavelength �=49 
m and initial amplitudes of A0=6.7,
.4, and 9.7 
m. The analytical solution of Eq. �17�, also shown
n Fig. 3 and denoted by the solid lines, agrees well with the
xperiments for A0=6.7 and 8.4 
m, but is slightly lower than
he experimental data for A0=9.7 
m.

Finite element methods were also used to study a wavy PDMS
rofile subject to stretching. For simulations, we used the plane-

Fig. 2 Critical fabrication steps for gener
isotropic etching of a Si „100… wafer yields
smoothing can be replicated through sequ
mer „i…. The approximately sinusoidal relief
on a plastic substrate „ii…, cured, and und
SU-8 is then used as a template for a fin
PDMS substrate has a sinusoidal profile lik
tunable peak to valley amplitude.

ig. 3 The analytical, experimental, and numerical results of
mplitude A versus the applied strain εa for a wavy PDMS „E
2 MPa, �=0.48…, with wavelength �=49 �m and initial ampli-
udes A0=6.7, 8.4, and 9.7 �m.

11003-4 / Vol. 77, JANUARY 2010
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strain element CPE4 in the ABAQUS finite element program �29�,
and linear geometry was used since the strain level is very small
in the current study. Figure 4 shows the basic finite element mesh
with a much finer mesh at the wavy surface; the smallest element
size is 0.5 
m. Numerical results from the finite element analysis
are shown by circles in Fig. 3, and agree well with the experimen-
tal measurements.

The analytical solution �17� exhibits better agreement with ex-
periments and finite element analysis for A0=6.7 and 8.4 
m
than with A0=9.7 
m. This is due largely to the small amplitude
assumptions, A0 /��1, of the perturbation method. Figure 5 illus-
trates the distribution of tangential strain �tt of the wavy surface.
The analytical solution, up to the second order, is

�tt = �a�1 − 2A0k cos kx − �A0k�2�1 − cos 2kx�� �18�

and is indicated by the dotted lines in Fig. 5 for a wavelength �
=49 
m, and small amplitude A0=3 
m and large amplitude
A0=9.7 
m. The zeroth-order solution is the uniform strain, �tt
=�a, shown by the horizontal solid line in Fig. 5, while the solu-
tion up to the first order is �tt=�a�1−2A0k cos kx� shown as
dashed curves. For A0=3 
m, the difference between the first-
and second-order solutions �dashed versus dotted lines� is small,
and the wavy surface is in tension ��tt�0�. For A0=9.7 
m, the
difference between the first- and second-order solutions �dashed
versus dotted lines� becomes quite large, and part of the wavy
surface is in compression ��tt
0�. Results from the finite element
analysis are also shown in Fig. 5 for comparison. For A0=3 
m,
the second-order solution has better agreement with finite element

g wavy surface profiles in PDMS, „a…. An-
aw-tooth surface relief, which after partial
ial imprinting into layers of PDMS prepoly-

be molded into a layer of SU-8 supported
one a final smoothing step. The molded

PDMS imprinting step, „iii…. The resulting
at in „b…, with a wavelength of 49 �m and
atin
a s

ent
can
erg
al
e th
Fig. 4 Finite element mesh for the solid with the wavy surface
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nalysis than the first-order solution. However, for A0=9.7 
m,
he difference between the analytical solution and the finite ele-

ent analysis is still large. This is because the error of the ratio
tt /�a given by Eq. �18� is of order O��A0k�3�, which is very small
or A0=3 
m, but for A0=9.7, A0k
1.

An Analytical Solution for the Wavy Thin Film/
ubstrate System
Compliant wavy substrate with conformally integrated stiff thin

lm provides an alternative approach to fabricate stretchable elec-
ronics �27�. This avoids introducing any initial strain into the thin
lm, and thus achieves both high stretchability and compressibil-

ty. Fabrication of this wavy thin film/substrate system is the same
o the process described in Sec. 3, except that thin Au films are
eposited onto the SU-8 surface before the final molding step.
etailed information for fabricating such a system can be found in
ef. �27�.
The profile of the wavy thin film/substrate system before defor-
ation is described as y=A0 cos kx. It changes to y= �A0
B�cos kx after a small applied strain �a in the x direction. The
avy substrate in this system could be modeled as a semi-infinite

olid with a wavy surface profile y=A0 cos kx that is subject to a
ormal displacement, uy =B cos kx. It has been established �21,27�
hat the effect of interface shear traction is negligible, since the
lastic modulus of the PDMS substrate �
2 MPa� is several or-
ers of magnitude smaller than that of Au film �
70 GPa�. Equa-
ions �1�–�6� in Sec. 3 remain valid, however the traction-free
oundary conditions �7� must be modified to yield

uy = B cos kx

n · ��xx �xy

�xy �yy
� · t = 0

at � = 0 �19�

here the second equation represents the vanishing shear traction,
nd t is the unit vector along the tangential direction �1,
A0k sin k��.
The zeroth-�leading�, first-, and second-order solutions then be-

ome

ux
�0� = �a�, uy

�0� = −
�

1 − �
�a� �20�

ux
�1� =

ek� sin k���1 − 2� + k��
B

− �3 − 2� + k���a�

Fig. 5 Distribution of tangential strain εtt of
second-order normalized by the applied stra
amplitudes are „a… A0=3 �m and „b… A0=9.7
are also shown.
2k�1 − �� A0

ournal of Applied Mechanics
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uy
�1� =

cos k�

2k�1 − ���− 2��a + ek���2 − 2� − k��
B

A0
+ �2� + k���a��

�21�

ux
�2� =

sin 2k�

16k�1 − ��2
4�1 − ��ek�� B

A0
�2 − 2� + k�� − �a�4 − 2�

+ k��� − e2k�� B

A0
�5 − 12� + 8�2 + 2�3 − 4��k�� − �a�19

− 28� + 8�2 + 2�5 − 4��k����
uy

�2� =
cos 2k�

16k�1 − ��2
4�1 − ��ek�� B

A0
�1 − 2� − k�� + �a�1 + 2�

+ k��� − 2e2k�� B

A0
�2�1 − 3� + 2�2� − �3 − 4��k�� + �a�2�1

+ � − 2�2� + �5 − 4��k���� +
1

4k�1 − ���ek�� B

A0
�1 − 2�

− k�� + �a�1 + 2� + k��� − � B

A0
�1 − 2�� + �a�1 + 2����

�22�

The strain energy U per wavelength can be obtained analytically.
For applied strain �a=0, it is given by

U��a = 0� =
�

4

E

1 − �2B2 �23�

It shows excellent agreement with the finite element analysis in
Fig. 6 versus the ratio B /A0 for the wavelength �=49 
m and
amplitude A0=3 
m.

The derivative of strain energy U per wavelength with respect
to B, which is necessary in the study of thin film/substrate system,
is given by

dU

dB
=

�

2

E

1 − �2 �B + �aA0� �24�

It is important to account for the second-order term in the above
expression since U is a quadratic function of the displacement,
u=u�0�+ �A0k�u�1�+ �A0k�2u�2�+¯. The strain energy U per wave-

�0� �1�

e wavy surface up to the zeroth-, first-, and
εa. The wavelength is �=49 �m, and initial
. The results from the finite element analysis
th
in
�m
length can be similarly written as U=U + �A0k�U
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Downloa
�A0k�2U�2�+¯, where U�0� is a constant such that dU�0� /dB=0.
ikewise, U�1� involves a cross term between u�0� and u�1� whose

ntegration over the wavelength provides a vanishing contribution,
�1�=0, leaving only U�2� to make a nonzero contribution to
U /dB since U�2� involves the quadratic terms of u�1� and the
ross term between u�0� and u�2�.

Concluding Remarks
The analytical solution for a semi-infinite linear elastic solid

ith a wavy surface subject to uniaxial strain or “stretch” is ob-
ained via the perturbation method. The amplitude A of the de-
ormed wavy surface is related to the initial amplitude A0 by A
A0�1−�a�, where �a is the applied strain. This simple expression
grees well with both experimental measurements and finite ele-
ent analyses for small amplitude wavy profiles. The analytical

olution is also obtained for a wavy solid subject to stretching and
ateral displacement, an important addition for the study of thin
lms on a wavy substrate.
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