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Plasmonic nanostructures integrated with soft,
elastomeric substrates provide an unusual platform
with capabilities in mechanical tuning of key optical
properties, where the surface configurations can
undergo large, nonlinear transformations. Arrays
of planar plasmonic nanodiscs in this context can,
for example, transform into three-dimensional
(3D) layouts upon application of large levels of
stretching to the substrate, thereby creating unique
opportunities in wide-band tunable optics and
photonic sensors. In this paper, a theoretical model
is developed for a plasmonic system that consists
of discrete nanodiscs on an elastomeric substrate,
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Plasmonics is an emerging field of nanophotonics [1] in which manipulation of light at
the nanoscale is possible by exploiting the properties of propagating and localized surface
plasmons. Because of their novel and unique capabilities, plasmonic structures have been
used in a wide range of applications, such as chiral metamaterials [2], plasmonic sensing [3],
photoelectrochemistry [4], photovoltaics [5] and control of the electromagnetic field [6].
One of the key physical mechanisms in plasmonics is the excitation of localized surface
plasmon resonances. As such, the plasmonic signal is quite sensitive to the surface configurations
of the nanostructures as well as the surrounding dielectric environment [7]. Analytic and
experimental studies [8–11] show that the surface configurations have a fundamental role in
field enhancement phenomena, such as surface-enhanced Raman scattering (SERS) and metalenhanced fluorescence (MEF) measurements [12]. Inspired by concepts of stretchable electronics
[13–26] of interest in biomedical applications, stretchable plasmonics have been realized by
integrating plasmonic nanostructures with elastomeric substrates, such as polydimethylsiloxane
(PDMS) [27,28]. This class of plasmonic structure offers an important capability in mechanical
tunability of key optical properties, through adjustment of the surface configurations. Recently,
Gao et al. [29] realized nearly defect-free, large-scale (several square centimetres) arrays of
plasmonic nanodiscs on a soft (170 kPa) elastomer material that can accommodate extremely
high levels of strain (approx. 100%). Owing to the ability to tune the plasmonic resonances
over an exceptionally wide range (approx. 600 nm), the resulting system has some potential for
practical applications in mechanically tunable optical devices. Under large levels (e.g. greater
than 50%) of stretching, nonlinear buckling processes were observed in the nanodiscs, leading
to a transformation of initially planar arrays into three-dimensional (3D) configurations
(figure 1a). Careful examination of the scanning electron microscope (SEM) images reveals
that five different modes can occur and even coexist in a single, uniformly strained sample
(figure 1a). As the 3D configurations of the nanodiscs play a critical role in the resulting
plasmonic responses, quantitative control of these responses requires a clear understanding
of the underlying relationship between the buckled configurations and the microstructure
geometries. Previous buckling analyses [30–34]; developed for continuous ribbons/films on
prestrained elastomer substrate are, however, not applicable in this plasmonic system of
discrete nanodiscs.
In this paper, a systematic postbuckling analysis of plasmonic nanodiscs [29] bonded onto an
elastomeric substrate was carried out, through theoretical models and finite-element analyses
(FEA). The results shed light on the relation between the buckled configuration and applied
tensile stretching, which is of key importance in understanding the mechanical tunability
of the optical properties. The paper is outlined as follows. Section 2 takes a representative
buckling mode as an example to illustrate an analytic model for determining the amplitude and
wavelength in the buckled nanodiscs. In §3, this model is extended to other possible buckling
modes observed in experiment. Validated by FEA and experimental results in §4, the developed
model is then used to analyse the effects of nanodisc spacing and buckling modes on the
wavelength and amplitude during postbuckling.

...................................................

1. Introduction
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establishing the relation between the postbuckling configurations and the applied strain.
Analytic solutions of the amplitude and wavelength during postbuckling are obtained for
different buckling modes, which agree well with the results of finite-element analyses and
experiment measurements. Further analyses show that increasing the nanodisc distribution
yields increased 3D configurations with larger amplitudes and smaller wavelengths, given the
same level of stretching. This study could serve as a design reference for future optimization
of mechanically tunable plasmonic systems in similar layouts.
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Figure 1. (a) Scanning electron microscope (SEM) images (top view) of the stretchable arrays of plasmonic nanodiscs that
show different buckling modes across a single sample at a strain of 56%. The insets provide additional SEM images and
corresponding cross-sectional views of finite-element analyses (FEA) results. Schematics of the stretchable plamonic system
in the free-standing state, from different perspectives: (b) three-dimensional (3D) view; (c) top view; (d) a cross-sectional view
that corresponds to the dashed line in figure 1c. (a) Adapted from Gao et al. [29] Copyright 2015, American Chemical Society.
(Online version in colour.)

2. An analytic model of postbuckling in the plasmonic nanodiscs
Figure 1b, c presents a schematic of the stretchable plasmonic system from the 3D and top views.
A square array of nanodisc bilayers consisting of gold (Au) and silicon oxide (SiO2 ) was bonded
onto the surface of elastomeric substrate (PDMS), in a manner that no delamination occurs, even
under extreme levels (e.g. aprrox. 100%) of stretching deformation [29]. The diameters of the gold
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(2.1)

Neglecting the mechanical constraint of the nanodiscs on the overall transverse compression, the
compressive strain along the transverse (i.e. x) direction can be written as
εcompression = εx = 1 − (1 + εappl )−1/2 ,

(2.2)

where a Poisson ratio of νsubstrate = 0.5 is used, due to the incompressibility of the substrate. As
such, the spacing (Sx ) along the x-axis is given by
Sx = 

P0
1 + εappl

− DSiO2 .

(2.3)

This transverse spacing (Sx ) decreases to zero when the applied strain reaches a critical value,
cr = (P /D
2
εappl
0
SiO2 ) − 1. Additional stretching initiates a nonlinear buckling in the plasmonic
structure so as to release the strain energy of the entire system, as shown in figure 1a. As the
buckling is induced mainly by the squeezing of the stiff nanodiscs, the configuration can be well
characterized by the cross section (denoted by the dashed line in figure 1c, and the schematic in
figure 1d, under the un-deformed state) of the plasmonic structure.
According to the experiment results [29] in figure 1a, five different types of buckling modes,
with the number of nanodiscs in one period ranging from two to five, can coexist in a large-area
plasmonic system under a given applied strain. In the current theoretical model, the different
buckling modes observed in experiment are assumed in the displacement functions, using
an approach similar to that for determining the sinusoidal buckling profiles in the analyses
of wrinkling in silicon ribbons bonded to pre-stretched elastomeric substrates [30,31]. In the
following, the simplest buckling mode, with two nanodiscs in a representative period, is taken
as an example to elucidate the analytic model. For this buckling mode (namely mode-1), two
possible contact modes (type-I and type-II), illustrated in figure 2a,b, could occur, depending
on the geometry of the plasmonic system and the magnitude of the applied strain. Here, the
deformation of the plasmonic system is characterized mainly by the rotational angle (θ ) of
the nanodiscs, considering the negligible strain in the stiff nanodiscs. In this condition, the
transversely compressive strain is still approximated by equation (2.2). As such, the dependence
of buckling configurations on the applied strain can be determined directly through the
geometric relation.
By comparing the two configurations with different contact modes, it can be noted that the
type-I contact mode could occur only when the geometric parameters satisfy the following
relation:


 


3
DAu
DAu 2
hSiO2 hAu
hAu 2
2
2
2
−
−
−2
−
> 0,
(2.4)
d1 = L1 − L2 = DSiO2
4 2DSiO2
2DSiO2
DSiO2 DSiO2
DSiO2

...................................................

Sy = P0 (1 + εappl ) − DSiO2 .
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and silicon oxide nanodiscs are DAu and DSiO2 , respectively, and the corresponding heights (or
thicknesses) are hAu and hSiO2 , as shown in figure 1d. In the geometry of nanodiscs used in the
plasmonic system, the thickness/diameter ratio (e.g. (hSiO2 + hAu )/DSiO2 ) is typically smaller than
approximately 0.4. The spacings between the adjacent nanodiscs along the x- and y-directions
are represented by Sx and Sy , respectively. Without any external loading, Sx and Sy are both
equal to S0 . The period (P0 ) of the nanodisc array in the free-standing condition is then given
by P0 = S0 + DSiO2 .
A uniaxial stretching (denoted by εappl ) along the y-axis is applied to the elastomeric substrate.
At a small level of stretching, the spacing (Sy ) of adjacent nanodiscs along the y-axis increases,
while the counterpart (Sx ) along the x-axis decreases, due to the Poisson effect. As the elastomeric
substrate (with Young’s modulus of Esubstrate = 170 kPa) is much softer than the nanodisc (with
moduli of EAu = 78 GPa and ESiO2 = 59 GPa for the two components), the stretching deformation
is accommodated almost entirely by the substrate. This is consistent with experimental
observation [29]. In this condition, the nanodiscs undergo negligible deformations, and remain
almost flat. Therefore, the spacing (Sy ) along the y-axis can be related to the applied strain by
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Figure 2. Schematics of two possible postbuckling configurations adopted in the analytic model, for plasmonic nanodiscs
undergoing the mode-1 buckling: (a) with type-I contact mode: only SiO2 nanodiscs contact each other; (b) with type-II contact
mode: both the SiO2 and Au nanodiscs contact the other nanodiscs. (Online version in colour.)

where L1 and L2 denote two characteristic lengths as illustrated in figure 2a, and d1 is the
difference of their squares. In this condition, the deformed nanodiscs undergo type-I contact mode
once the buckling is triggered, and the rotational angle can be solved as

⎛
⎞
2
h̄SiO2 + h̄2SiO2 + D̄2SiO2 − εeffective
−1 ⎝
⎠,
(2.5)
θ = 2 tan
D̄SiO2 + εeffective
where D̄SiO2 = DSiO2 /P0 and h̄SiO2 = hSiO2 /P0 correspond to the dimensionless diameter and
height for the SiO2 nanodisc, and εeffective = (1 + εappl )−1/2 . Further increase of the applied strain
will eventually move the contact points from the apices of the SiO2 discs to the Au discs, leading
to a transition of the contact mode from type-I into type-II. Based on the geometric analyses, the
transition ) can be obtained as
transition strain (εappl
transition
εappl
=

4h̄2Au + (D̄SiO2 − D̄Au )2
(2D̄SiO2 h̄Au + D̄SiO2 h̄SiO2 − D̄Au h̄SiO2 )2

− 1,

(2.6)

where D̄Au = DAu /P0 and h̄Au = hAu /P0 . As the applied strain exceeds this transition strain, the
deformed nanodiscs experience the type-II contact mode, with the rotational angle solved as

⎡
⎤
2
2(h̄SiO2 + h̄Au ) + 4(h̄SiO2 + h̄Au )2 + (D̄SiO2 + D̄Au )2 − 4εeffective
−1 ⎣
⎦.
(2.7)
θ = 2 tan
D̄SiO2 + D̄Au + 2εeffective
When d1 < 0, the nanodiscs just undergo a single type of contact mode (i.e. type-II) during the
postbuckling, and the type-I contact mode does not occur. In this condition, the rotational angle
can be still obtained from equation (2.7).
The amplitude and wavelength are typically adopted to describe the wavy shaped
configurations during postbuckling. In this study, the amplitude (A1 ) is defined as the out-ofplane distance (along the z-direction) between the peak and valley of the top surfaces of all
gold discs; and the wavelength (λ1 ) is the projection distance of the smallest representative unit
cell in the horizontal (x) direction. For the mode-1 buckling (figure 2), A1 and λ1 are obtained
analytically as
(2.8)
A1 = DAu sin(θ) and λ1 = 2P0 εeffective ,
for both the type-I and type-II contact modes. According to equations (2.4)–(2.8), the postbuckling
configurations can be fully determined for different levels of applied strain.

3. Analyses of other buckling modes
In addition to the buckling mode elaborated in §2, there are four other modes that could occur in
the stretchable array of nanodiscs, as shown in figure 1a. This section introduces analytic models
to describe the postbuckling configurations for these buckling modes.
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Figure 3. Schematic of the possible postbuckling configurations adopted in the analytic model, for plasmonic nanodiscs
undergoing four different buckling modes: (a,b) type-I and type-II contact modes of mode-2 buckling; (c,d) type-I and type-II
contact modes of mode-3 buckling; (e,f ) type-I and type-II contact modes of mode-4 buckling; (g,h) type-I and type-II contact
modes of mode-5 buckling. (Online version in colour.)

(a) Buckling mode with three nanodiscs in a period
Figure 3a,b presents a schematic of the buckling mode (namely mode-2) with three nanodiscs in
a period. For simplicity, the contact points between the SiO2 nanodiscs are assumed to be located
at the top edges of the flat SiO2 nanodiscs. As to be shown in the next section, this assumption
provides overall reasonable predictions of postbuckling configurations. Similar to the mode-1
buckling (figure 2), two types of contact modes could also occur for this bucking mode. The type-I
contact mode (figure 3a) occurs only when

d2 = D2SiO2

3
DAu
−
−
4 2DSiO2



DAu
2DSiO2

2

hSiO2 hAu
−2
−
DSiO2 DSiO2



hAu
DSiO2

2 

> 0,

(3.1)

where d2 is a parameter to judge which contact mode to appear. In the case of d2 > 0, the
nanodiscs undergo the type-I contact and then type-II contact, with the increase of applied strain.
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The transition strain between the two different contact modes is obtained from geometric analyses
as

(3.3a)
and

⎡

θ = 2 tan

−1 ⎣

2(h̄SiO2 + h̄Au ) +



4(h̄SiO2 + h̄Au )2 + (D̄Au + 3εeffective )(2D̄SiO2 + D̄Au − 3εeffective )
D̄Au + 3εeffective

for type-II contact.

⎤
⎦

(3.3b)

For both contact modes, the amplitude (A2 ) and wavelength (λ2 ) can be written as


DAu sin(θ),
A2 = max (DSiO2 + DAu ) sin(θ )
,
− (hSiO2 + hAu ) cos(θ) + hAu
2

(3.4)

λ2 = 3P0 εeffective .

(3.5)

(b) Buckling mode with four discs in a period
In the case of four discs in a period, two different buckling modes (namely mode-3 shown in
figure 3c,d, and mode-4 shown in figure 3e,f ) were observed in experiments. For both of the
buckling modes, the appearance of type-I contact modes (illustrated in figure 3c, e) is determined
by the same condition:
⎡
⎤


2
2 
2

D
1
+
h
h
h
D
Au
SiO
Au
SiO
Au
2
2
⎦ > 0,
+
+2 1+
−2
+
d3(4) = DSiO2 ⎣1 −
DSiO2
DSiO2
2 2DSiO2
DSiO2
(3.6)
where d3(4) is a parameter to judge which contact mode to appear for both the mode-3 and
mode-4 buckling. In the case of d3(4) > 0, the transition strains of these two buckling strain are
the same, as given by

2
4h̄2Au + (D̄SiO2 − D̄Au )2
transition
=
− 1.
(3.7)
εappl
2h̄Au (2D̄SiO2 h̄Au + D̄SiO2 h̄SiO2 − D̄Au h̄SiO2 )
The geometric analyses show that the rotational angle (θ) of the tilted nanodiscs in the two
different buckling modes are also the same, i.e.

⎡
⎤
h̄SiO2 + h̄2SiO2 + 4εeffective (D̄SiO2 − εeffective )
−1 ⎣
⎦ for type-I contact
(3.8a)
θ = 2 tan
2εeffective
and

⎡
θ = 2 tan−1 ⎣

h̄SiO2 + h̄Au +

for type-II contact.



(h̄SiO2 + h̄Au )2 + 2εeffective (D̄SiO2 + D̄Au − 2εeffective )
2εeffective

⎤
⎦
(3.8b)

...................................................


− 1.
[D̄SiO2 + (2(2D̄SiO2 h̄Au + D̄SiO2 h̄SiO2 − D̄Au h̄SiO2 )/ 4h̄2Au + (D̄SiO2 − D̄Au )2 )]2
(3.2)
Using an approach similar to the analyses of mode-1 buckling, the rotational angle (θ) of the tilted
nanodiscs for mode-2 buckling can be solved as

⎡
⎤
2h̄SiO2 + 4h̄2SiO2 + 3(D̄SiO2 + 3εeffective )(D̄SiO2 − εeffective )
−1 ⎣
⎦ for type-I contact
θ = 2 tan
D̄SiO2 + 3εeffective
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The amplitude (A3 and A4 ) and wavelength (λ3 and λ4 ) can be written as

8

for type-I contact (3.9a)

D sin(θ ),

Au


A3 = max (DSiO2 + DAu )
− (hSiO2 + hAu ) cot(θ) sin(θ) + hAu
2

for type-II contact.
(3.9b)



(DSiO2 + DAu ) sin(θ )
− hAu
A4 = max DAu sin(θ),
2

for type-I contact

(3.10a)

A4 = DAu sin(θ ) for type-II contact.
and

λ3 = λ4 = 4P0 εeffective

(3.10b)

for both type-I and type-II contacts.

(3.11)

(c) Buckling mode with five discs in a period
Figure 3g,h shows the two different contact modes for the buckling mode (namely mode-5) with
five nanodiscs in a period. The type-I contact mode (figure 3g) occurs only when
⎡

⎤


2
2 
2

D
1
+
h
h
h
D
Au
SiO
Au
SiO
Au
2
2
⎦ > 0,
+
+2 1+
−2
+
d5 = DSiO2 ⎣1 −
DSiO2
DSiO2
2 2DSiO2
DSiO2
(3.12)
where d5 is a parameter to judge which contact mode to appear. For geometric parameters that
yield d5 > 0, the transition strain between the two different contact modes is given by

transition
εappl

=



5 4h̄2Au + (D̄SiO2 − D̄Au )2

⎧
⎨

⎫2
⎬

⎩ D̄SiO2 (D̄SiO2 − D̄Au )2 + 4h̄Au (5D̄SiO2 h̄Au + 2D̄SiO2 h̄SiO2 − 2D̄Au h̄SiO2 ) ⎭

− 1. (3.13)

The rotational angle (θ) of the tilted nanodiscs, the amplitude (A5 ) and wavelength (λ5 ) of this
buckling mode can be solved as
⎡
θ = 2 tan

−1 ⎣

2h̄SiO2 +



4h̄2SiO2 − 5(D̄SiO2 − 5εeffective )(D̄SiO2 − εeffective )
5εeffective − D̄SiO2

⎤
⎦

for type-I contact
(3.14a)

and


⎤
⎡
2(h̄SiO2 + h̄Au ) + 4(h̄SiO2 + h̄Au )2 − (D̄SiO2 − 5εeffective )(3D̄SiO2 + 2D̄Au − 5εeffective )
⎦
θ = 2 tan−1 ⎣
5εeffective − D̄SiO2
for type-II contact.

and


[D
SiO2 − hSiO2 cot(θ)] sin(θ),
for type-I contact
A5 = max (DSiO2 + DAu ) sin(θ)
− hAu
2

D sin(θ),

 Au
A5 = max (DSiO2 + DAu )
− (hSiO2 + hAu ) cot(θ) sin(θ) + hAu
2
λ5 = 5P0 εeffective

for both the type-I and type-II contacts.

(3.14b)

(3.15a)

for type-II contact.

(3.15b)
(3.16)

...................................................


− hSiO2 cot(θ)] sin(θ),
A3 = max (DSiO + DAu ) sin(θ )
2
− (hSiO2 + hAu ) cos(θ) + hAu
2
SiO2
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Figure 4. (a) Cross-sectional view of the plasmonic nanodiscs (with mode-5 buckling) predicted by analytic and FEA models,
respectively. The colour represents the out-of-plane coordinate. (b) Rotational angle of tilted nanodiscs, (c) amplitude and
(d) wavelength during the postbuckling versus the applied strain, based on analytic model, FEA and experiment. (Online version
in colour.)

4. Effects of bucking mode and nanodisc spacing on the wavelength and
amplitude
Full three-dimensional FEA is carried out to validate the above analytic model. In the FEA,
a uniaxial stretching is applied to the elastomeric substrate (PDMS), where the rigid bi-layer
nanodiscs are mounted on its top surface. The interfaces between the nanodiscs and the substrate
are assumed to be sufficiently strong, such that no delamination occurs. For the plasmonic
nanodiscs adopted in the experiment of Gao et al. [29], the geometric parameters are given by
P0 = 300nm, DSiO2 = 250 nm, DAu = 220nm, hSiO2 = 40nm and hAu = 45 nm. The elastic properties
(Young’s modulus E and Poisson’s ratio ν) of the various components are Esubstrate = 170 kPa
and νsubstrate = 0.49 for substrate; EAu = 78 GPa and νAu = 0.44 for gold; and ESiO2 = 59 GPa
and vSiO2 = 0.24 for silicon oxide. Eight-node 3D solid elements in ABAQUS Standard [35] are
used for both the nanodiscs and the substrate, with refined meshes to ensure computational
accuracy. In the postbuckling analyses, the various buckling modes (figure 1a) observed in the
experiments are implemented as initial imperfections through force loading. These artificial forces
are removed when the nanodiscs come into contact. Periodical boundary conditions are adopted
along two in-plane principal directions (i.e. x- and y-axes in figure 1b) to reduce the computational
cost, and the number of nanodiscs required in the simulations depends on the specific buckling
mode investigated. Through the above FEA, the evolution of postbuckling configurations for each
buckling mode can be determined for different levels of applied strain.
Figure 4a presents analytic predictions and FEA calculations of the stretching-induced
geometry change in the plasmonic nanodisc system with the mode-5 buckling. Good accordance
between the analytic and FEA results can be found in the entire range of strain (from 0 to 107%).
The rotational angle of the tilted nanodiscs is plotted as a function of the applied strain in figure 4b,
which increases with increasing applied strain, reaching approximately 72◦ at 107% strain. The
nonlinear dependences of amplitude and wavelength based on the analytic model are shown in
figure 4c, d, which agree well with both the FEA calculations and the experimental measurements
[29]. These variations of amplitude and wavelength in the current discrete system of nanodiscs are
in qualitative consistence with that in continuous hard films bonded onto prestrained elastomeric
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Figure 5. Analytic prediction and FEA calculations of the amplitude and wavelength during postbuckling with different modes:
(a,b) for mode-1; (c,d) for mode-2; (e,f ) for mode-3; and (g,h) for mode-4. (Online version in colour.)

substrate [31], although their magnitudes are much smaller (e.g. by an order of magnitude), given
the same material system and the same thickness of hard material. For the other buckling modes
(mode-1 to mode-4), the amplitude also increases and the wavelength decreases with the increase
of applied strain, as shown in figure 5. Here, the analytic results agree reasonably well with FEA
results for all of the buckling modes.
After validating the developed analytic model, we then use this model to analyse the effect
of an important design parameter, i.e. the spacing/period ratio (S0 /P0 ) that decides the areal
coverage of the plasmonic nanodiscs. The stretchable plasmonic systems with the same material
composition and nanodisc geometry as that in Gao et al. [29] are investigated, while the spacing

Downloaded from http://rspa.royalsocietypublishing.org/ on November 29, 2015

(a)

(b)

l5 (nm)

A5 (nm)

1200

100

1100
1000

0
0

40

80
eappl (%)

120

900
40

60

80
100
eappl (%)

120

140

Figure 6. Analytic prediction of (a) amplitude and (b) wavelength during the postbuckling (with mode-5) versus the applied
strain, for four different spacing/period ratios (S0 /P0 ). (Online version in colour.)

(S0 ) is varied, resulting in different spacing/period ratios ranging from approximately 0.11 to 0.25.
A representative buckling mode (i.e. mode-5) is taken as an example to show this effect on
the amplitude and wavelength, as shown in figure 6. The plasmonic system with a denser
nanodisc distribution (corresponding to a smaller S0 /P0 ) provides larger amplitude and smaller
wavelength during postbuckling under the same strain. This indicates a wider range of buckling
amplitude that can be tuned by the same level of mechanical stretching, for the system with a
smaller S0 /P0 .

5. Concluding remarks
This paper presents a theoretical study of postbuckling in stretchable arrays of discrete plasmonic
nanodiscs, through combined analytic modelling and FEA. Two different contact modes of
the nanodiscs are taken into account, and their transition is explored. Analytic solution of the
postbuckling configurations, in terms of the wavelength and amplitude are obtained for different
types of buckling modes, which agree reasonably well with FEA and experimental results. Further
calculations on the effect of spacing/period ratio show that a denser nanodisc distribution yields
more evident 3D nanodisc configurations (with larger amplitudes and smaller wavelengths)
during postbuckling. The analytic model developed is useful for future design and optimization
of mechanically tunable plasmonic structures.
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