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Single-walled carbon nanotubes (SWNTs) have been envisioned as one of the best candidates for
future semiconductors due to their excellent electrical properties and ample applications. However,
SWNTs grow as mixture of both metallic and semiconducting tubes and this heterogeneity
hampers their practical applications. Laser radiation shows promises to remove metallic SWNTs
(m-SWNTs) in air under an appropriate condition. We established a scaling law, validated by finite
element simulations, for the temperature rise of m-SWNTs under a pulsed laser with a Gaussian
spot. It is shown that the maximum normalized m-SWNT temperature rise only depends on two
non-dimensional parameters: the normalized pulse duration time and the normalized interfacial
thermal resistance. In addition, the maximum temperature rise is inversely proportional to the
square of spot size and proportional to the incident laser power. These results are very helpful
to understand the underlying physics associated with the removal process and provides easily
C 2015 AIP Publishing LLC.
interpretable guidelines for further optimizations. V
[http://dx.doi.org/10.1063/1.4919591]

I. INTRODUCTION

Single-walled carbon nanotubes (SWNTs) have been envisioned as one of the most promising candidates for next generation semiconductor materials owing to their superior electrical
properties compared to those of silicon.1–3 However, current
synthesis methods lead to the production of mixtures of both
metallic and semiconducting tubes, and thus, their practical
application to semiconductor electronics is largely hampered.
Horizontally aligned arrays of purely semiconducting
SWNTs (s-SWNTs) represent an ideal configuration for
applications in electronics because such arrays provide optimal transport pathways from source to drain due to the absence of tube-to-tube junctions.4–6 SWNT arrays grown
using Chemical vapor deposition (CVD) on ST-cut quartz
substrates have perfect alignment but contain both metallic
SWNTs (m-SWNTs) and s-SWNTs (2/3 are semiconducting
and 1/3 are metallic).7,8 Various approaches have been used
to remove m-SWNTs to yield purely s-SWNTs. One
approach involves application of large bias voltage to transistors with selective electrical breakdown of m-SWNTs.9
This process, although successfully employed in circuits,10
only eliminates certain small segments of the m-SWNTs.
Also, the operation must be performed on each individual
device. Recently, developed purification techniques based on
nanoscale thermocapillary flows in thin films enable complete elimination of m-SWNTs but require multiple
a)
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deposition and etching steps to fabricate the necessary transistor or antenna structure and to remove the thin
films.8,11–14
A scheme bypassing the above drawbacks to yield a
simplified, efficient, robust process could be of significant
practical value. Figure 1 schematically shows such a scheme
using laser radiation to remove m-SWNTs based on the fact
that m-SWNTs absorb much more energy and can be
destroyed in air in preference to their semiconducting counterparts when wavelength of radiation is appropriate.15–24
This process begins with the growth of perfectly aligned
SWNTs on a quartz substrate as shown in Fig. 1(a). A pulsed

FIG. 1. (a) Schematic diagram of aligned SWNTs on a quartz substrate. (b)
Schematic illustration of removing metallic SWNTs by laser radiation.
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infrared laser with a Gaussian spot is then applied to scan the
top surface to ablate m-SWNTs and yield arrays of only
s-SWNTs as shown in Fig. 1(b). Although the concept of
ablation has been demonstrated under some conditions,15–24
analytical modeling is needed to help the design of experiments to explore further possibilities.
A full understanding of the physics associated with the
process of laser-induced selective removal of m-SWNTs is
critical to optimize the purification process, i.e., define criteria to select the laser parameters to remove m-SWNTs but
leave s-SWNTs. Our objective is to establish an analytical
model for selective removal of m-SWNTs under a pulsed
laser with a Gaussian spot and to obtain the analytic expression for the SWNT temperature in terms of material properties (e.g., thermal conductivity and thermal diffusivity),
geometric (e.g., SWNT radius), and loading parameters (e.g.,
laser power and pulse duration).
II. THERMAL MODELING FOR SWNT TEMPERATURE

Thermal modeling provides both qualitative and quantitative insights into the distributions in temperature associated
with laser radiation. For simplicity, we ignore the quantum
aspects of interactions of laser and carbon nanotubes as well
as the thermal processes in carbon nanotubes. This treatment
based on classical physics to study the heat flow in carbon
nanotubes has been shown by many researchers.25–27 Figure
2(a) shows a schematic diagram of the analytical model for
the case of an individual m-SWNT on a quartz substrate under
a pulsed laser with a Gaussian spot. The m-SWNT serves as a
surface heat source with the length 2L and width 2R, where R
is the radius of m-SWNT, and power density defined by the

hðx; y; z; tÞ ¼

8
>
ðt
>
>
>
>
>
>
>
<

ðR

ðL

s¼0 y0 ¼R x0 ¼L

laser absorption qtotal ¼ bI0 , where 0 < b < 1 is a coefficient
depending on the laser wavelength and I0 is the incident
power distribution as shown in Fig. 2(b). Although the optical
physics of b is still not well understood, a simple approximation of b can be given by the Beer-Lambert law
b ¼ 1  edd , where d is the absorption coefficient and d is
the distance of the light travels through the material. Here, d
can be approximated as twice the wall thickness h of SWNT,
i.e., d  2h. The origin of the coordinate system (x, y, z) is
located at the center of the SWNT with x along the SWNT
axis, y along the direction normal to the SWNT axis, and z
pointing from the quartz substrate to the top.
A pulsed Gaussian laser source of power P0 yields an
r2

P0 2r2
incident power distribution I0 ðrÞ ¼ 2pr
for 0 < t  td
2 e
and I0 ðrÞ ¼ 0 for td < t  tp in one period where r is the distance of the point interested to the center of the laser spot, r
is the standard deviation, td is the pulse duration, and tp is
the pulse period as shown in Fig. 2(b). Since 99% of the
energy is confined within the range of 3r, the radius S of the
spot can be approximated by 3r, i.e., S ¼ 3r.
The power density of the m-SWNT (L  x  L;

R  y  R) is then obtained by qtotal ðx; y; tÞ ¼
x2

e2r2 for 0 < t  td and qtotal ðx; y; tÞ ¼ 0 for td < t  tp . The
total energy absorbed by the m-SWNT is used to heat both the
substrate and the m-SWNT. Let the heat flux into the substrate
qðx; y; tÞ takes the same form of qtotal ðx; y; tÞ as qðx; y; tÞ
¼ c  qtotal ðx; y; tÞ, where c represents the fraction of energy
into the substrate and 0 < c < 1. Then the distribution of the
temperature rise hðx; y; z; tÞ ¼ Tðx; y; z; tÞ  T1 from the ambient temperature T1 in the substrate can be obtained as28
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where q is the substrate density, a ¼ k=ðcqÞ is the thermal
diffusivity of the substrate with k as the thermal conductivity and c as the specific heat capacity. If the interfacial

ð1edd ÞP0
2pr2

(1)

thermal resistance between m-SWNT and the substrate is
Rth , the temperature rise of m-SWNT can be approximated
by the average temperature rise of heat source plus the

FIG. 2. (a) Schematic diagram of the
analytical model. (b) Power of laser
with pulse duration time td and period
tp.
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temperature increase due to the interfacial thermal resistance, i.e.,
8
ðR
>
>
>
1
>
>
hðx; y; z ¼ 0; tÞdy þ qRth 0 < t  td
>
>
> 2R
<
y¼R
hSWNT ð x; tÞ ¼
>
ðR
>
>
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>
>
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td < t  tp :
>
>
>
: 2R
y¼R

(2)
The energy per unit length into the SWNT is then obtained
as cSWNT qSWNT ASWNT hSWNT ðx; tÞ, where cSWNT is the specific
heat capacity of SWNT, qSWNT is the density of SWNT, and
ASWNT ¼ phð2R  hÞ is the cross-sectional area of SWNT,
and h is the wall thickness of SWNT. The total energy per
unit length into the system is equal to the energy into the
substrate plus the energy into the SWNT. Therefore, we
have qtotal 2Rt ¼ q2Rt þ cSWNT qSWNT ASWNT hSWNT ðx; tÞ which
gives the fraction of energy c into the substrate.
III. A SCALING LAW FOR THE MAXIMUM
TEMPERATURE RISE

Since the maximum temperature rise determines the
condition to remove the m-SWNT, our focus is to establish a
scaling law for the maximum temperature rise in terms of
material properties, geometric, and loading parameters under
short pulsed laser illumination (ns or shorter).
The thermal diffusivity of quartz is a ¼ 2:7
106 m2 =s.8 The laser spot size S is usually on the order of
10 lm (Refs. 15, 19, and 22) and therefore r ¼ S=3 is on the
order of lm. For the short pulsed laser of ns (or shorter),
atd  r2 . Equation (2) then gives the temperature rise of the
m-SWNT as


2
cð1  edd ÞP0 f ðtÞ
x2
þ
R
(3)
hSWNT ðx; tÞ ¼
th e 2r ;
2
2pr
pqcaR

Max
x ¼ 0, i.e., h SWNT ¼ h SWNT ð
x ¼ 0; t ¼ td Þ, therefore, we
have
 pﬃﬃﬃﬃﬃﬃﬃ
h Max ¼ c 2 pt d  erf p1ﬃﬃﬃﬃ
SWNT
t d
2p2

1
1
 t d þ t d e t d þ pRth ;
(5)
þEi
t d

 
 
pﬃﬃﬃﬃﬃﬃﬃ
ð hÞh
with
c ¼ 1 þ q c 2
2 pt d  erf p1tﬃﬃﬃ þ Ei t1d  t d
2t d
d
1
1
þt d e t d þ pRth Þ , which clearly shows that the maximum
Max
normalized temperature rise h SWNT depends on four nondimensional parameters: the normalized pulse duration time
t d , the normalized interfacial thermal resistance Rth , the nor and the normalized thermal
malized SWNT thickness h,

property q c . Also, the maximum temperature rise is inversely
proportional to the square of spot size and proportional to the
incident laser power.
For a specific system of m-SWNTs on a quartz substrate,
 c ¼ qSWNT cSWNT =qc ¼ 0:2364
with
q ¼ 2650 kg m3
q
8
1 1
and c ¼ 830 J kg K
for the quartz, and qSWNT ¼
1300 kg m3 and cSWNT ¼ 400 J kg1 K1 for SWNTs.29 The
thickness of the m-SWNT is taken as h ¼ 0:34nm.30,31 For
simplicity, we fix the SWNT radius to be R ¼ 1:0nm in the
following to study the effects of laser pulse and interfacial
thermal resistance on the m-SWNT temperature. Equation
(5) then depends only on the normalized pulse duration time
t d and the normalized interfacial thermal resistance Rth , i.e.,

h Max ¼ h Max ðt d ; Rth ; h ¼ 0:34; q
 c ¼ 0:2364Þ:
SWNT
SWNT

The above scaling law is very helpful to choose appropriate
laser pulse to destroy the m-SWNTs.
Equation (6) can be further simplified for two commonly
used pulsed lasers with short pulse of td ¼ 10ns and ultrashort pulse of td ¼ 100fs. For example, in the case of
 
t1
2
d  1  1,
td ¼ 10ns, t d ¼ 2:73  104 , erf p1ﬃﬃﬃ  pﬃﬃﬃﬃﬃ
t
, e
td

for 0  t  td , and the fraction of energy into the substrate c
h

i1
ASWNT
f ðtÞ
is c ¼ 1 þ cSWNT qSWNT
þ
R
where f ðtÞ ¼ 2R
th
2Rt
pqcaR
 
 
Ð 1 xt
pﬃﬃﬃﬃﬃﬃﬃ
2
R2
þ Ei Rat R2  at þ ate at , Eið xÞ ¼ 1 e t dt
pat  erf pRﬃﬃﬃ
at
Ðx 2
is the exponential integral, and erf ðxÞ ¼ p2ﬃﬃp 0 et dt. It
should be noted that L in Eq. (1) is taken as infinity to obtain
Eq. (3) analytically since L is usually much larger than the
laser spot size. By introducing the non-dimensional tempera2
ture rise 
h SWNT ¼ ð1eqcar
x ¼ x=r, t ¼ ta=R2 ,
dd ÞP R hSWNT ,
0
 c ¼ qSWNT cSWNT =qc, and Rth ¼ Rth qca=R, Eq. (3)
h ¼ h=R, q
becomes
 x2
c 

h SWNT ðx; 0  t  t d Þ ¼ 2 fðt Þ þ pRth e 2 ;
(4)
2p
 
pﬃﬃﬃﬃﬃ
1
with
fðt Þ ¼ 2 pt  erf p1tﬃ þ Ei 1t  t þ t et
and
h
i1
ð hÞh 
c ¼ 1 þ q c 2
. The maximum normalf ðt Þ þ pRth
2t
ized temperature rise of m-SWNT occurs at t ¼ td and

(6)

pt d

d

and c  1, which yields the maximum normalized temperature rise as


h Max ¼ 1 3 þ Ei 1 þ pRth :
(7)
SWNT
t d
2p2
Equation (7) holds for large t d and the maximum normalized
temperature rise depends linearly on the normalized interfacial thermal resistance.
 
For the case of td ¼ 100fs, t d ¼ 0:273, erf p1tﬃﬃﬃ  1,
 
 
d
pﬃﬃﬃﬃ
1
e t d  0, Ei t1  t d , and Ei t1  t d , which yields the
d

d

maximum normalized temperature rise as
h Max ¼
SWNT

pﬃﬃﬃﬃﬃﬃﬃ
2 pt d  t d þ pRth
# : (8)
 pﬃﬃﬃﬃﬃﬃﬃ



ð
Þ

q
2

h
h
2p2 1 þ c
2 pt d  t d þ pRth
2t d
"

Reported values for the interfacial thermal resistance span a
wide range from 108 to 107 m2 K/W,25,32,33 which gives
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Rth from 60 to 600. Equation (8) can then be further simplified as
h Max ¼
SWNT


p2 q

t d
:
Þ 
ð
c 2h h

(9)

Equation (9) holds for small t d and the maximum normalized
temperature rise becomes independent of the interfacial thermal resistance.
IV. RESULTS AND DISCUSSION

Figure 3 shows the temperature rise of the m-SWNT
versus time with td ¼ 100fs, tp ¼ 1ms, P0 ¼ 1:0W,
r ¼ 0:6 lm, Rth ¼ 0, and 1  edd ¼ 0:068.24 The thickness
and radius of the m-SWNT are taken as h ¼ 0:34nm and
R ¼ 1:0 nm, respectively. A three dimensional finite element
model is also established to obtain the SWNT temperature.
The good agreement between the analytical prediction and finite element simulations validates the analytical model. The
temperature rise of SWNT rapidly increases to maximum at
the end of pulse duration (i.e., t ¼ td ) and then drops to
nearly zero during the rest in one period. For example, the
temperature rise decreases to 104% of its maximum after
10 ns cooling and 109% at the end of the period 1 ms.
These results suggest that the SWNT completely cool to the
ambient temperature between pulses without appreciable
cumulative heating.
Figure 4 shows the maximum normalized temperature
Max
dd
ÞP0 R versus the norrise 
h SWNT ¼ qcar2 hMax
SWNT =½ð1  e

malized laser pulse duration t d ¼ td a=R2 at different normalized interfacial thermal resistance Rth ¼ Rth qca=R. Here, we
take Rth ¼ 0, 60, and 600 corresponding to Rth ¼ 0, 108,
and 107 m2 K/W, respectively. The finite element results
for t d ¼ 0:273 and 2.73  104 corresponding to td ¼ 100fs
and 10 ns, and the approximate solution for a small t d are
also shown for comparison. It is shown that the analytical
predictions agree well with finite element simulations at both
small t d and large t d . Equation (9) gives a good approximation at a small t d . The maximum normalized temperature rise
Max

h SWNT first increases linearly as the normalized pulse

FIG. 3. The temperature rise of the m-SWNT at x ¼ 0 as a function of time
with td ¼ 100fs, tp ¼ 1ms, P0 ¼ 1:0W, r ¼ 0:6lm, Rth ¼ 0, and
1  edd ¼ 0:068.

Max

FIG. 4. The maximum normalized temperature rise 
h SWNT ¼ qcar2 hMax
SWNT =
dd
½ð1  e ÞP0 R versus the normalized laser pulse duration t d ¼ td a=R2 at
different normalized interfacial thermal resistance Rth ¼ Rth qca=R.

duration time t d increases and then reaches the steady solution. The existence of interfacial thermal resistance increases
the normalized temperature rise. For a realistic Rth ranging
Max
from 60 to 600, Rth increases h SWNT at a large t d , while it has
a negligible effect at a small t d . The reason is that when t d is
small, most of the energy is used to heat s-SWNT itself and
the energy passing through the interface is negligible, which
is to be further illustrated in Fig. 5.
Figure 5 shows the fraction of energy c into the substrate
versus the normalized laser pulse duration t d ¼ td a=R2 at
different normalized interfacial thermal resistance
Rth ¼ Rth qca=R. It clearly shows that at a small t d , c is
nearly zero, i.e., most of the energy is used to heat the mSWNT, while at a large t d , c is nearly 1, i.e., the self-heating
of m-SWNT is negligible and most of the energy passes
through the interface to heat the substrate.
V. CONCLUSIONS

In summary, we have established a scaling law, validated by finite element simulations, for the SWNT

FIG. 5. The fraction of energy c into the substrate versus the normalized
laser pulse duration t d ¼ td a=R2 at different normalized interfacial thermal
resistance Rth ¼ Rth qca=R.
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temperature rise under a pulsed laser with a Gaussian spot.
The maximum normalized SWNT temperature rise only
depends on the normalized pulse duration time and the normalized interfacial thermal resistance. It is shown that selfheating of the SWNT is dominant for a small pulse duration
time while it is negligible for a large pulse duration time. In
addition, the maximum temperature rise is inversely proportional to the square of spot size and proportional to the incident laser power. The above results may serve as design
guidelines for system optimization especially for determining the optimal condition to remove the m-SWNTs.
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