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Thermal analysis of ultrathin, compliant sensors for
characterization of the human skin
Zuguang Bian,ab Jizhou Song,*c R. Chad Webb,d Andrew P. Bonifas,d John A. Rogersd
and Yonggang Huang*be
Recent work establishes that ultrathin, stretchable sensors can enable high precision thermal
characterization of the skin, with capabilities for spatial mapping, in forms that avoid irritation, thermal or
mechanical loads on natural behaviors, or motion artifacts. The results have potential for use in
cardiovascular screening, skin hydration sensing, and local skin heating and thermal therapy. A
theoretical framework for understanding the thermal behavior of these types of sensors is critically
important for interpreting the data and identifying optimized designs. This paper presents an analytical
model, validated by the ﬁnite element method and experiments, for this purpose. The sensor
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temperature is obtained analytically in terms of material and geometric parameters. A scaling law for the
sensor response time shows that the normalized time depends only on the normalized sensor location
and normalized thermal properties. A simple, analytic formula for the response at long times is also
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obtained. The results provide strategies for reducing the sensor response time and thereby for improving
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the device performance.

1. Introduction
Skin temperature changes are correlated with physical, mental,
and cardiovascular functions of the human body.1–4 Several
approaches have been established for skin temperature
measurement and monitoring. One uses infrared cameras to
noninvasively monitor human skin temperature.5,6 This
approach can obtain high resolution measurements but it is
limited to clinical trials with immobilized patients due to the
motion restrictions associated with the camera and its cost.
Other schemes use temperature sensors, mounted to the skin
with exible adhesive pads.7,8 Although these sensors have
simple designs, none oﬀers desirable capabilities such as
temperature mapping over large areas (>1 cm2), pathways to
eliminate the occlusive nature of the adhesive mounting pads,
or associated thermal loads on the natural behaviors of the skin.
Recently developed technologies, sometimes referred to as
epidermal electronics, open avenues to overcome these limitations, with classes of skin mounted sensors that have the ability

a

to bend, twist, and stretch like human skin, with minimal eﬀect
on natural processes.9
Webb et al. developed stretchable epidermal sensors for
thermal characterization of human skin and achieved high
resolution skin temperature measurements with mapping
and motion capabilities.1 The temperature sensor, which can
act simultaneously as a heater element, is made of gold,
lithographically dened into interwoven serpentine traces 20
mm wide, and 50 nm thick, with a total length 21 mm.
Changes in electrical resistance enable measurements of
temperature. Such sensors, embedded in a layer of polyimide,
are integrated onto a thin, low elastic modulus (60 mm thick,
30 kPa) elastomeric sheet. A cross-sectional view of the
temperature sensor appears in Fig. 1. Measurements are
performed with the sensors in intimate, conformal contact
with the skin.
The thermal properties of these types of sensors are important to their operation. To obtain an accurate measurement of
temperature change (below 1 Hz),1 the response time, which is
dened as the time for the sensor to reach 90% of the nal
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Fig. 1

Cross-sectional illustration of the temperature sensor.
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temperature increase, must be small enough to ensure fast
response. Experimental characterization of the response time is
carried out by dropping a warm glycol droplet, which has
similar thermal properties to skin, onto the sensor.1 Such data
indicate that the sensor response time is 10 ms depending on
the material and geometric parameters.
For better understanding of the device operation and identifying improved device designs and fabrication strategies, an
analytical model, validated by experiments and nite element
method (FEM), is developed for the thermal response. It should
be noted that the current model is for this new type of
compliant human skin sensor, which has not been studied
before. There exist several thermal models, but none of them
can be applied here. The sensor temperature is obtained
analytically and a scaling law is established for response time.
The results establish design guidelines for optimized
performance.

2.

where a is the thermal diﬀusivity, t is time, and x is the coordinate along the thickness direction with its origin on the top
surface of PI (Fig. 1). Contact with the human skin gives a
constant temperature increase T0 at the top,
T |x¼0 ¼ T0.

(2)

Continuity of temperature and heat ux across the lm/
substrate interface requires

vT 
Tjx¼Hfilm 0 ¼ Tjx¼Hfilm þ0 and kfilm 
vx x¼Hfilm 0

vT 
¼ ksubstrate 
;
(3)
vx x¼Hfilm þ0
where k is the thermal conductivity. Prior analytical and
numerical studies have shown that the natural convection at the
bottom surface of the substrate has a negligible eﬀect and can
be approximated by a thermal isolation condition14

vT 
¼ 0:
(4)
vx 
x¼Hfilm þHsubstrate

Results and discussion

Fig. 1 shows a schematic illustration of a stretchable
epidermal sensor, encapsulated by a top layer of PI (thickness
Hencapsulation). Below the sensor is another PI layer. The total
thickness of the PI lm is denoted by Hlm (Fig. 1). The sensor,
embedded in the lm, is attached to an elastomeric solaris
substrate (thickness Hsubstrate). In the experiment1 the
embedded sensor (and elastomeric substrate) contacts the
human skin (or a heat source). The skin has a temperature T0
above the ambient.
The PI lm has the thermal conductivity klm ¼ 0.12 W m1
1
K and thermal diﬀusivity alm ¼ 7.75  108 m2 s1, while the
solaris substrate has ksubstrate ¼ 0.186 W m1 K1 and asubstrate ¼
1.08  107 m2 s1.10,11 In the experiment, their thicknesses are
Hlm ¼ 3.6 mm and Hsubstrate ¼ 60 mm, respectively.1

The initial condition is
T|t¼0 ¼ 0.
The Laplace transform T~ ðx; sÞ ¼

(5)
ðN
Tðx; tÞexpðstÞdt of
0

eqn (1), with the initial condition (5), leads to the solution T~ ¼
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bfilm exp x s=afilm þ Cfilm exp  x s=afilm for the lm and
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T~ ¼ Bsubstrate exp x s=asubstrate þ Csubstrate exp  x s=asubstrate
for the substrate, where Blm, Clm, Bsubstrate and Csubstrate are
constants to be determined by the Laplace transform of
boundary and continuity conditions in eqn (2)–(4). The transformed temperature increase in the lm (0 # x # Hlm) is then
given by



rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
s
s
þ b tanh Hsubstrate
sinh Hfilm  x
cosh Hfilm  x
a
a
a
T
film
substrate
film
0



rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T~ ¼
;
s
s
s
s
sinh Hfilm
cosh Hfilm
þ b tanh Hsubstrate
afilm
asubstrate
afilm


2.1

(6)

Analytic model

The sensor in the experiment is very thin (e.g., 50 nm), but its
thermal conductivity and diﬀusivity are more than 1600 times
larger than those of PI.10,12 Overall, the sensor has a negligible
eﬀect on the temperature distribution in the lm (and the entire
system).
The lm thickness (e.g., 3.6 mm) is much smaller than its
width (70 mm) and length (1 mm) such that the heat ux is
mainly along the thickness direction. The temperature
increase T (from the ambient temperature) in the lm and
substrate can then be represented by a one-dimensional heat
transfer model13
vT
v2 T
 a 2 ¼ 0;
vt
vx
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where
b¼

ksubstrate
kfilm

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
afilm
asubstrate

(7)

represents the ratio of lm and substrate thermal properties.
As shown in the Appendix, the inverse Laplace transform of
eqn (6) gives
1
N 
X
T
blm
¼12
Hlm þ
T0
cos2 lm þ b2 sin2 lm
m¼1
!
(8)


x
2
2 afilm t
exp  H lm
 sin Hlm
;
Hfilm
Hfilm 2

(1)
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The normalized temperature increase versus the normalized
time, where the thickness Hﬁlm ¼ 3.6 mm and Hsubstrate ¼ 60 mm.
Fig. 2

where

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
asubstrate Hfilm
H¼
afilm Hsubstrate

(9)

represents the normalized lm-to-substrate thickness ratio, and
lm (m ¼ 1, 2, 3,.) are the positive roots of the following
equation
 m)  b sin lm sin(Hl
 m) ¼ 0.
cos lm cos(Hl

(10)

The temperature increase of the sensor, Tsensor, which is the
same as the temperature increase in the lm at the same location x ¼ Hencapsulation, can be obtained as
1
N 
X
Tsensor
blm
¼12
Hlm þ
T0
cos2 lm þ b2 sin2 lm
m¼1
!


Hencapsulation
2
2 afilm t
: (11)
exp  H lm
 sin Hlm
Hfilm
Hfilm 2
Fig. 2 shows the normalized temperature increase Tsensor/T0
versus the normalized time almt/Hlm2. The normalized sensor
locations are Hencapsulation/Hlm ¼ 0.25, 0.5 and 0.75. As the
encapsulation layer becomes thinner (i.e., smaller Hencapsulation/
Hlm), Tsensor approaches T0 much more rapidly. The result is a
reduced response time, as discussed in Section 2.2. The nite
element method, which accurately accounts for the layout of the
sensor system (e.g., nite thickness and width of the gold sensor
embedded in the PI lm), and the heat convection condition at
the bottom surface of the substrate, is also used. The numerical
results, also shown in Fig. 2, agree with the analytic solution in
eqn (11).

2.2

Sensor response time

The sensor response time is dened as the time at which the
sensor temperature increase Tsensor reaches 90% of T0. For
Hencapsulation ¼ 2.4 mm and other parameters described in the
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Fig. 3 The normalized sensor response time versus the normalized
sensor location from the exact solution eqn (12) and approximate
solution eqn (13).

beginning of Section 2, the response time predicted by eqn (11)
is 3.9 ms, which agrees well with the experimental measurement, 4.2 ms. A small sensor response time is important for
accurate measurement capability.1
The normalized sensor response time almt/Hlm2 is determined from eqn (11) and Tsensor/T0 ¼ 0.9. In general, the
substrate is much thicker than the lm (e.g., Hsubstrate ¼ 60 mm
and Hlm ¼ 3.6 mm) such that it can be approximated as innite.
The temperature increase of the sensor in eqn (11) then
becomes


ð
Tsensor
2b N
1
Hencapsulation
¼1
x
sin
T0
Hfilm
p 0 x cos2 x þ b2 sin2 x
!
afilm t 2
x dx:
(12)
 exp 
Hfilm 2
For Tsensor/T0 ¼ 0.9, the above equation gives the normalized
sensor response time, almtresponse/Hlm2, that depends only
on the normalized sensor location Hencapsulation/Hlm and
thermal properties b. Fig. 3 shows almtresponse/Hlm2 versus
Hencapsulation/Hlm for several values of b. The normalized sensor
response time decreases with Hencapsulation/Hlm and b, which
suggests to achieve fast response of the temperature sensor by
reducing the encapsulation layer thickness or b.
For the normalized sensor response time almtresponse/
Hlm2 [1, the integral in eqn (12) can be obtained analytically
to give

2
Hencapsulation 2 ksubstrate
;
(13)
tresponse ¼ ð1  0:9Þ2
pasubstrate
kfilm
where the coeﬃcient (1  0.9)2 is for Tsensor reaching 90% of T0,
and can be changed to (1  0.95)2 and (1  0.99)2 for other
choices of Tsensor reaching 95% and 99% of T0, respectively. The
requirement almtresponse/Hlm2 [1 then becomes (Hencapsulation/
Hlm)2(alm/asubstrate)(ksubstrate/klm)2 [p(1  0.9)2. Eqn (13)
shows that the sensor response time is proportional to the square
of the encapsulation layer thickness (and also depends on the
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lm and substrate properties). Fig. 3 also shows the sensor
response time in eqn (13), which agrees remarkably well with the
accurate solution obtained numerically in eqn (12). Eqn (13)
provides a very simple, but accurate, estimate of the sensor
response time, and is useful for the optimal design of temperature sensors.

3.

Conclusion

We have developed an analytical model for thermal characterization of stretchable epidermal sensors. The model is validated
by FEM and experiments. The sensor temperature is obtained
analytically which yields a simple scaling law for the normalized
sensor response time almtresponse/Hlm2 in terms of two
non-dimensional parameters: the normalized sensor location
Hencapsulation/Hlm and the normalized thermal properties
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ksubstrate
afilm
. Small Hencapsulation/Hlm and b are
b¼
kfilm
asubstrate
helpful to reduce the sensor response time. For relative large
almtresponse/Hlm2, a simple, analytic formula for the sensor
response time is obtained, which is proportional to the square
of the encapsulation layer thickness. These results provide
useful design guidelines to improve sensor design and
fabrication.

Appendix
The temperature increase is obtained by the inverse Laplace
ð
1 gþNi ~
transform15 T ¼
T expðstÞds of eqn (6), where
2pi gNi
pﬃﬃﬃﬃﬃﬃﬃ
i ¼ 1 and g is a real constant that exceeds the real part of all
the poles of T~ . The integrand T~ exp(st) has simple poles that give
a vanishing denominator of the integrand in the complex plane
of s. One pole is s ¼ 0, and the others satisfy


rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
s
þ b tanh Hsubstrate
cosh Hfilm
afilm
asubstate
(A1)

rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
 sinh Hfilm
¼ 0;
afilm
 lm)2lm2 (m ¼ 1, 2,.),
which gives the poles s ¼ alm(H/H
where lm is the positive root of eqn (10). The residual at s ¼
0 is 1. The residue at other poles is given by
1 


blm
x
sin
Hl
 2 Hlm þ
m
Hfilm
cos2 lm þ b2 sin2 lm
!
(A2)
2
2 afilm t
 exp  H lm
:
Hfilm 2
The Cauchy's residual theorem8 then gives the temperature
increase in eqn (11).
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