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a b s t r a c t

Controlled buckling can impart stretchable mechanics to brittle materials when integrated as thin films
on soft, elastomeric substrates. Typical elastomers are permeable to fluids, however, and therefor unable
to provide robust barriers to entry of water, for instance, into devices built with the supported thin films.
In addition, the mechanical strength of a system dominated by a soft substrate is often unsatisfactory for
realistic applications. We show that introduction of a bi-layer substrate yields a robust, high strength
system that maintains stretchable characteristics, with a soft layer on top of a relatively stiff layer in
the substrate. As a mechanical protection, a soft encapsulation layer can be used on top of the device
and the stretchability of the encapsulated system is smaller than that of the system without encapsula-
tion. A simple, analytic model, validated by numerical analysis and FEA, is established for stiff thin films
on a bi-layer substrate, and is useful to the design of stretchable systems.

Published by Elsevier Ltd.
1. Introduction

With the ability to conform to biological tissues and monitor
vital physiological signals, stretchable electronics (Song et al.,
2014; Lu et al., 2012; Kim et al., 2011a) have the potential to pro-
vide a promising platform for biomedical devices as diagnostics
and/or therapeutics for clinical purposes (Kim et al., 2011b; Jeong
et al., 2013; Webb et al., 2013). Controlled buckling realized by
the pre-strain strategy (Jiang et al., 2007; Huang et al., 2005;
Allen, 1969; Song et al., 2008; Wang and Zhao, 2014; Zang et al.,
2013; Cao et al., 2013; Lu et al., 2007) can generate sophisticated
micro- and nano-structures in stretchable electronics (Kim et al.,
2011b; Ko et al., 2008; Xiao et al., 2010; Xiao et al., 2009; Duan
et al., 2013). Here, as shown in Fig. 1, a stiff film is first transfer
printed (Yang et al., 2012; Kim et al., 2012; Cheng et al., 2012) onto
a flat, pre-strained elastomeric substrate. When the elastomer
returns to its original length upon release of the pre-strain, the film
buckles into a wavy geometry, which affords, then, an effective
level of stretchable mechanics. With x and z in the film length
and thickness directions (Fig. 1a), the out-of-plane displacement
w0 of the buckled thin film can be represented by a sinusoidal func-
tion w0 ¼ A cosðkxÞ, where A and k are the characteristic amplitude
and wave number to be determined. With the film thickness hf

much smaller than the buckle wavelength 2p=k, the thin film is
modeled as a beam. Jiang et al. (2007) studied the buckling and
post-buckling behaviors of thin film on a single-layer substrate.
The total energy of the buckled system consists of bending energy
and membrane energy of the film, and elastic energy of the sub-
strate. The bending energy Ub and membrane energy Um, which
will be used in the present study, are given analytically as (Jiang
et al., 2007)

Ub ¼
k4�Ef h

3
f A2

48ð1þ epreÞ4
L; Um ¼

�Ef hf

2
k2A2

4ð1þ epreÞ2
� epre

1þ epre

" #2

L; ð1Þ

where epre is the pre-strain applied to the substrate, �Ef is the plane-
strain modulus of the thin film, and L is the film length at the origi-
nal, unstretched state (Fig. 1b).

The soft substrate plays a key role in the pre-strain strategy.
However, being permeable to fluids, the single-layer soft substrate
cannot encapsulate the device well, and it is also difficult to inte-
grate with liquid components (Xu et al., 2013). Furthermore, elec-
tronics built on unusual substrates, ranging from fabrics to plastic
sheets, have great potential for use in biomedical devices (Kim
et al., 2009). To enable a stretchable capability in integrated elec-
tronics, another soft layer is introduced on top of such unusual
types of substrates, resulting in a bi-layer structure, where the soft
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Fig. 1. Schematic illustration of a buckled stiff thin film on a bi-layer substrate.
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layer on top facilitates buckling of thin films and the relatively stiff
layer at the bottom can significantly enhance the strength of the
system (Kim et al., 2009). Careful choice of the bottom layer can
further improve the robustness, providing chemical and thermal
resistances to the system (García et al., 2010). This bi-layer sub-
strate design is not only critical for use in stretchable electronics,
but it can also create opportunities such as integration with liquid
components or enhanced strength and robustness in classes of
electronics built to dissolve completely after function in the human
body or environment via resorption, thereby eliminating the need
for recollection (Hwang et al., 2012; Li et al., 2013). To understand
the system with a bi-layer substrate, we perform analytic study on
buckling and post-buckling behaviors. The elastic energy of the bi-
layer substrate is obtained in Section 2. The energy method is then
used to study the buckling and postbuckling in Sections 3 and 4,
respectively.
2. Elastic energy of bi-layer substrate

Fig. 1 illustrates the pre-strain strategy where a stiff thin film
buckles on a bi-layer substrate. The top substrate layer is usually
much thicker than the thin film, i.e., its thickness hs � hf (e.g.,
hs = 1 mm and hf = 100 lm as in experiments). The bottom sub-
strate layer is much thicker than the top layer (e.g., 10 times)
Kim et al., 2009, and is therefore modeled as a semi-infinite solid.
Similar to thin film buckling on a single-layer substrate, the out-of-
plane displacement of buckled thin film on a bi-layer substrate can
also be represented by a sinusoidal function w0 ¼ A cosðkxÞ. In the
system of a stiff thin film buckled on a pre-strained, single-layer
substrate, Song et al. (2008) developed a finite deformation theory,
which explains the buckled amplitude and wavelength very well.
Cheng and Song (2013) further showed that finite geometry
change of the thin film dominates in the finite deformation theory,
which was also confirmed to apply for the bi-layer substrate in the
finite element analysis (FEA). In FEA, a Mooney–Rivlin hyperelastic
model was used for both the top and bottom substrate layers. The
results were compared with those obtained using linear elastic
model, which only shows a slight difference. Therefore, linear elas-
tic model is used in the following analytic study for the bi-layer
substrate.
Let ui and wi denote the displacements in the x and z directions
(Fig. 1a), with i = 1, 2 representing the top and bottom layers of
the substrate, respectively. The equilibrium equations can be
written in terms of the displacements as (Timoshenko and
Goodier, 2011)

@2ui

@x2 þ
@2ui

@z2
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þ 1

1� 2v i

@

@x
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1� 2v i

@
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@x
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@z

� �
¼ 0;

ð2Þ

where mi is the Poisson’s ratio of each substrate layer. Let z = 0
denote the top surface of the substrate. Continuity of displacement
between the thin film and substrate requires

w1jz¼0 ¼ w0 ¼ A cosðkxÞ: ð3Þ

The shear at the film/substrate interface is negligible (Huang
et al., 2005) because the thin film is much stiffer than both
substrate layers (Kim et al., 2009), which gives

@u1

@z
þ @w1

@x

� �����
z¼0
¼ 0: ð4Þ

Continuity of displacement and stress requires

u1jz¼�hs
¼ u2jz¼�hs

; w1jz¼�hs
¼ w2jz¼�hs

;

rz1jz¼�hs
¼ rz2jz¼�hs

; s1jz¼�hs
¼ s2jz¼�hs

; ð5Þ

where rz and s are the normal and shear stresses.
The displacement field can be expressed as ðui;wiÞ ¼

½UiðzÞ sinðkxÞ;WiðzÞ cosðkxÞ�. Its substitution into Eq. (2) gives the
solution

U1 ¼ C1ekz þ C2e�kz þ C3zekz þ C4ze�kz;

W1 ¼ �C1ekz þ C2e�kz þ 3� 4v i

k
� z

� �
C3ekz þ 3� 4v i

k
þ z

� �
C4e�kz;

ð6aÞ

U2 ¼ C5ekz þ C6zekz;

W2 ¼ �C5ekz þ 3� 4v i

k
� z

� �
C6ekz;

ð6bÞ
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where the constants Cj ðj ¼ 1; . . . ;6Þ are to be determined from the
six linear algebraic equations resulting from the boundary and con-
tinuity conditions (3)–(5), and they are all linearly proportional to A.

The elastic energy of the bi-layer substrate is then obtained as

Us ¼
1
4

�Es1gkA2L0; ð7Þ

where L0 is the substrate length at the original, unstretched state
(Fig. 1a) and is related to the film length L at its original,
unstretched state by L ¼ L0ð1þ epreÞ; �Es1 ¼ Es1=ð1� v2

1Þ is the
plane-strain modulus of top substrate layer, and

g ¼ 1� v1

kA
½�kðC1 þ C2Þ þ 2ð1� v1ÞðC3 � C4Þ�; ð8Þ

is independent of A. For an incompressible substrate
v1 ¼ v2 ¼ 0:5 as in experiments (Kim et al., 2009), g is given as

g ¼ gðgÞ ¼ 1
2

ð1þ r2Þ coshðgÞ þ 2r sinhðgÞ þ 1þ g2

2

� �
ð1� r2Þ

ð1þ r2Þ sinhðgÞ þ 2r coshðgÞ � gð1� r2Þ ; ð9Þ

where r ¼ Es1=Es2 is the ratio of Young’s moduli of the top to bottom
substrate layers, and g ¼ 2khs is the non-dimensional wave num-
ber, which represents the ratio of the thickness of the top substrate
layer to the wavelength. For the limit of top and bottom substrate
layers having the same modulus (r = 1) or the limit of a very thick
top layer (hs !1), g approaches 1=2, corresponding to that for a
thick single-layer substrate (Jiang et al., 2007). For the top substrate
layer much more compliant than the bottom layer (i.e., r � 1) Kim
et al., 2009 and its thickness larger than one half of the wavelength
(i.e., g > 2p), Eq. (9) can be simplified, within 0.2% error, to

g � 1
2

1þ 2þ 2gþ g2

1þ 2r
e�g

� �
: ð9aÞ
3. Buckling analysis of stiff films on bi-layer substrate

The total energy of the buckled thin film on a bi-layer substrate
consists of bending energy Ub and membrane energy Um of the film
given in Eq. (1) and the elastic energy of the substrate Us in Eq. (7),
i.e., Utotal ¼ Ub þ Um þ Us. Minimization of the total energy
@Utot=@A ¼ @Utot=@k ¼ 0 gives the following equation for the wave
number k,

�Ef h3
f

6�Es1ð1þ epreÞ3
k3 ¼ g � k

dg
dk
; ð10Þ

whereas the amplitude A is given by

A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
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h2
f

3

vuut : ð11Þ

Substitution of Eq. (9a) into Eq. (10) gives

1

24ð1þ epreÞ3
�Ef h3

f

�Es1h3
s

g3 ¼ 1þ 2þ 2gþ g2 þ g3

1þ 2r
e�g: ð12Þ

For the limit of a single-layer substrate (hs !1), the second
term on the right hand side ð2þ 2gþ g2 þ g3Þe�g=ð1þ 2rÞ vanishes,
and g has the solution

g0 ¼ 4ð1þ epreÞ
ffiffiffiffiffi
ec
p hs

hf
; ð13Þ

where ec ¼ ð3�Es1=�Ef Þ
2=3
=4 is the critical buckling strain for the thin

film buckled on a single-layer substrate (Jiang et al., 2007), which
is very small for stiff films on a compliant substrate [e.g.,
ec ¼ 0:034% for the Si films (Young’s modulus of 130 GPa) on PDMS
substrate (Young’s modulus of 1.8 MPa)] (Jiang et al., 2007). For a
top layer with finite thickness hs, g can be expressed as
g ¼ g0ð1þ DÞ, where D can be solved from Eq. (12) by the method
of perturbation as D ¼ g3

0e�g0=½3ð1þ 2rÞ� for D� 1. (For example,
D < 0:15 for g0 ¼ 2p.) This gives

g ¼ g0 1þ g3
0

3ð1þ 2rÞ e
�g0

� 	
; ð14Þ

or equivalently in terms of the wave number k and wavelength k as

k ¼ 2ð1þ epreÞ
ffiffiffiffiffi
ec
p

hf
1þ g3

0

3ð1þ 2rÞ e
�g0

� 	
;

k ¼ phf

ð1þ epreÞ
ffiffiffiffiffi
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p 1

1þ g3
0

3ð1þ2rÞ e
�g0

: ð14aÞ

Its substitution into Eq. (11) gives the amplitude

A ¼ hf

1þ g3
0

3ð1þ2rÞ e
�g0
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1þ g3
0
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�g0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
epre

ð1þ epreÞec

s
; ð15Þ

where the last approximation holds for the pre-strain epre � ec . The
buckle amplitude vanishes once the pre-strain reaches ec=ð1� ecÞ,
which is very small and approximately equals ec . Once the film
buckles, the membrane strain at the midpoint of the film thickness
remains a very small constant, �ec . Therefore the maximum strain
in the film, which determines the stretchability of the system, is
dominated by the bending strain and is given by

emax � 2 1þ g3
0

3ð1þ 2rÞ e
�g0

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
epreec

1þ epre

s
: ð16Þ

Eqs. (14)–(16) all indicate the effect of the bottom substrate
layer is only through the modulus ratio r in the term
g3

0e�g0=½3ð1þ 2rÞ�, which is less than 15% for g0 P 2p. Therefore,
the Young’s modulus (and thickness) of top substrate layer
dominates over that of bottom substrate layer in determining the
wavelength, amplitude and maximum strain of the buckled film.

Fig. 2 compares the wavelength in Eq. (14a) and amplitude in Eq.
(15) to the numerical solution of Eqs. (10) and (11), respectively, in
order to validate the perturbation method used. Here the wave-
length and amplitude are normalized by their counterparts
ksinglelayer ¼ phf =½ð1þ epreÞ

ffiffiffiffiffi
ec
p � and Asinglelayer ¼ hf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
epre=½ð1þ epreÞec�

p
for a thick, single-layer substrate (Cheng and Song, 2013). The nor-
malized wavelength and amplitude have the same expression

k=ksinglelayer ¼ A=Asinglelayer ¼ 1þ g3
0e�g0=½3ð1þ 2rÞ�


 ��1. Fig. 2a shows
the normalized wavelength and amplitude decrease as the ratio of
Young’s moduli r decreases, and become independent of r for
r 6 1=20. Therefore, r is fixed at 1/20 in the following analysis.
Within 13% error from the accurate but numerical solution of
Eqs. (10) and (11) for g0 > 2p (Fig. 2b), this simple, normalized
solution is useful in the experimental design. Finite Element
Analysis was also used to validate the above analysis for silicon thin
films (Young’s modulus Ef ¼ 130 GPa, Poisson’s ratio 0.27, and film
thickness ranging from 100 to 500 nm) on the top substrate layer of
Silbione (Es1 ¼ 10 kPa, thickness 100 lm) and bottom substrate
layer of fabric (Es2 ¼ 400 kPa). The thin film and bi-layer substrate
were modeled by the beam elements (B21 in the ABAQUS
ABAQUS, 2009 finite element program) and the 4-node plane strain
elements (CPE4R in ABAQUS), respectively. Element mesh was
refined to ensure the convergence of the results. The length of the
two-dimensional system is 2.5 mm and it is much larger than the
wavelength of the buckled system. To avoid the edge effect, both
wavelength and amplitude were measured in the middle region
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where a uniform sinusoidal shape was observed. The FEA result is in
a good agreement with both the numerical solution and the nor-
malized function. For a pre-strain of 25% applied on a relative thick
substrate layer where the thickness of fabric is five times of that of
Silbione, the amplitude 13.01 lm and wavelength 78.17 lm of the
buckled film obtained by FEA are in excellent agreement with 13.33
and 77.02 lm from Eqs. (14a) and (15). As shown in Fig. 2b, the
solution of bi-layer substrate approaches that of the single layer
substrate for g0 > 10 (within 1% error), which indicates that the
effect of stiffer bottom substrate is negligible if the top substrate
layer is thicker than 80% of the wavelength for a single layer sub-

strate, hs > 0:8ksinglelayer , or equivalently hs > 5½�Ef =ð3�Es1Þ�
1=3

hf . Fig. 3
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thick, single-layer substrate versus g0 for r = 1/20.
shows the maximum strain in the film from Eq. (16), normalized
by its counterpart 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
epreec=ð1þ epreÞ

p
for a thick, single-layer sub-

strate, versus g0. The relative error between the maximum strain
in Eq. (16) and the numerical solution from Eqs. (10) and (11) is
<1% for g0 > 9:3, and is <6.6% for g0 > 2p.

4. Encapsulation and post-buckling analysis

An encapsulation layer is casted and cured on top of the
unbuckled film to provide mechanical protection in the experi-
ment as shown in Fig. 4a (Fan et al., 2014). After the release of
the pre-strain, the encapsulation layer buckles with the film
(Fig. 4b), which changes the morphology of buckled film from that
in Section 3, and the morphology also changes when the encapsu-
lated system is stretched (Fig. 4c). For an applied strain eappl shown
in Fig. 4c, the wavy morphology can be determined following the
same approach as in Section 3 by accounting for the elastic energy
in the encapsulation layer.

The out-of-plane displacement of the film can also be repre-
sented by a sinusoidal function wstretch ¼ ~A cosð~k~xÞ with the charac-
teristic amplitude ~A and wave number ~k, where ~x ¼ xð1þ eapplÞ is
the coordinate at the stretched state. These give the displacement
at the original, unstretched state as wstretch ¼ ~A cos½~kð1þ eapplÞx�. The
bending and membrane energies become (Cheng and Song, 2013)

~Ub ¼
~k4�Ef h3

f
~A2ð1þ eapplÞ4

48ð1þ epreÞ4
L;

~Um ¼
�Ef hf

2

~k2 ~A2ð1þ eapplÞ2

4ð1þ epreÞ2
þ eappl � epre

1þ epre

" #2

L; ð17Þ
L L0
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(c) 
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Fig. 4. Schematic illustration of the buckled system with encapsulation layer.
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which degenerate to Eq. (1) for eappl ¼ 0. Subject to a normal
displacement of wstretch on the top surface of substrate, the

elastic energy of the bi-layer substrate becomes ~Us ¼ �Es1g~k~A2L0

ð1þ eapplÞ=4, with replacing k and A with ~kð1þ eapplÞ and ~A in
Eq. (7), respectively, where g is given in Eq. (9). The original,
unstretched state for the encapsulation is the same as that for the
film, therefore, the out-of-plane displacement wstretch can be rewrit-

ten as wstretch ¼ ~A cos½�x~kð1þ eapplÞ=ð1þ epreÞ�, where �x is the coordi-
nate at the original, unstretched state for the encapsulation. For a
pre-strain of epre applied on the bi-layer substrate, the strain applied
on the encapsulation is simply �epre=ð1þ epreÞ when the pre-strain
is released. The magnitude of this compressive strain is smaller
than the pre-strain such that the linear elastic model is used for
the encapsulation, just as the linear elastic model for the bi-layer
substrate. For a thick encapsulation layer with the plane-strain
modulus �Ee, its elastic energy can be obtained by replacing k and

L0 with ~kð1þ eapplÞ=ð1þ epreÞ and L0ð1þ epreÞ in Eq. (7), which gives
~Ue ¼ �Ee

~k~A2L0ð1þ eapplÞ=8. Minimization of the total energy ~Utotal

(¼ ~Ub þ ~Um þ ~Us þ ~Ue) with respect to the wave number and
amplitude gives

�Ef h
3
f ð1þ eapplÞ3

6�Es1ð1þ epreÞ3
~k3 ¼

�Ee

2�Es1
þ g � ~k

dg

d~k
;

~A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
~k2

ðepre � eapplÞð1þ epreÞ
ð1þ eapplÞ2

� 2ð2�Es1g þ �EeÞð1þ epreÞ3
�Ef hf

~k3ð1þ eapplÞ3
�

h2
f

3

vuut :

ð18Þ

Similar to Eq. (14), the normalized wave number ~g ¼ 2hs
~k can

be solved by the perturbation method as ~g ¼ ~g0ð1þ ~DÞ, where

~g0 ¼ 4
1þ epre

1þ eappl

ffiffiffiffiffi
ec
p hs

hf
1þ

�Ee

�Es1

� �1=3

; ð19Þ

and ~D ¼ ~g3
0e�~g0=½3ð1þ 2rÞð�Es1 þ �EeÞ=�Es1�. The wavelength ~k is

subsequently obtained as

~k ¼ 2p
~k
¼ phfffiffiffiffiffi

ec
p 1þ eappl

1þ epre

1

1þ �Ee
�Es1

� �1=3
1þ ~g3

0e�~g0

3ð1þ2rÞ 1þ
�Ee
�Es1

� �
2
4

3
5
: ð20Þ

Its substitution into Eq. (18) gives the amplitude

~A � hf

1þ �Ee
�Es1

� �1=3
1þ ~g3

0e�~g0

3ð1þ2rÞ 1þ �Ee
�Es1

� �
2
4

3
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
epre � eappl

ð1þ epreÞec

s
: ð21Þ

The maximum strain in the thin film is then given by

emax � 2 1þ
�Ee

�Es1

� �1=3

1þ
~g3

0e�~g0

3ð1þ 2rÞ 1þ �Ee
�Es1

� �
2
4

3
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðepre � eapplÞec

1þ epre

s
;

ð22Þ

which degenerates to Eq. (16) for a vanishing applied strain on
the buckled system without encapsulation layer, i.e., eappl ¼ 0 and
�Ee ¼ 0. The maximum strain, normalized by its counterpart
esinglelayer � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðepre � eapplÞec=ð1þ epreÞ

p
for a single-layer substrate

without encapsulation, is

emax

esinglelayer
� 1þ

�Ee

�Es1

� �1=3

1þ
4 1þepre

1þeappl

ffiffiffiffiffi
ec
p hs

hf

� �3
e
�4

1þepre
1þeappl

ffiffiffi
ec
p hs

hf
1þ �Ee

�Es1

� �1=3

3ð1þ 2rÞ

2
6664

3
7775:
ð23Þ
Fig. 5 shows the normalized maximum strain above versus the
normalized modulus �Ee=�Es1 of the encapsulation layer for several
values of 4hsð1þ epreÞ

ffiffiffiffiffi
ec
p

=½hf ð1þ eapplÞ� and r = 1/20. The maximum
strain increases with the modulus of the encapsulation layer,
which suggests that the system stretchability decreases as the
encapsulation layer becomes stiff. For an encapsulation layer as
compliant as the top substrate, the maximum strain is 1.26 times
of that without encapsulation. This factor of increased is reduced
to 1.03 for �Ee=�Es1 ¼ 0:1.

5. Concluding remarks

The buckling and post-buckling behaviors for stiff thin films on
bi-layer compliant substrates are investigated. The mechanics
analysis shows that the top, soft layer of the substrate facilitates
buckling to enable stretchability in the intrinsically brittle thin
films, whereas the relatively stiff layer at the bottom in the sub-
strate offers robustness and high strength to the system. A soft
encapsulation layer can also be used on top of the device for
mechanical protection, but the stretchability of the system
decreases as the Young’s modulus of the encapsulation layer
increases. The simple, analytic solution, validated by both the
numerical and FEA results, is useful to the design of bi-layer sub-
strates for stretchable electronics.
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