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Abstract Stretchable electronics represents a direction
of recent development in next-generation semiconductor
devices. Such systems have the potential to offer the performance of conventional wafer-based technologies, but they
can be stretched like a rubber band, twisted like a rope,
bent over a pencil, and folded like a piece of paper. Isolating the active devices from strains associated with such
deformations is an important aspect of design. One strategy
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involves the shielding of the electronics from deformation of
the substrate through insertion of a compliant adhesive layer.
This paper establishes a simple, analytical model and validates the results by the ﬁnite element method. The results
show that a relatively thick, compliant adhesive is effective
to reduce the strain in the electronics, as is a relatively short
ﬁlm.
Keywords Strain isolation · Thin ﬁlm · Substrate ·
Adhesive · Stretchable electronics

1 Introduction
The electronics industry has always pushed for the development of smaller and faster devices. These devices are conﬁned to the planar surfaces of silicon wafers, and as a result,
they are hard, rigid and ﬂat. A new direction has recently
emerged in the development of next-generation inorganic
electronics, namely the stretchable electronics, that offer
the performance of conventional wafer-based devices, but
can be stretched like a rubber band, twisted like a rope,
bent over a pencil, and folded like a piece of paper [1,2].
Stretchable electronics offers many new application opportunities, particularly for integration with tissues of human body
to develop conformal, bio-interfaced electronics for cardiac
electrophysiology [3] and electrocorticography [4], and electronic skin [5]. Other examples include cameras inspired by
human eyes [6–8], stretchable, twistable, bendable and foldable circuits [9–12], ﬂexible inorganic solar cells [13,14], and
LEDs for deformable and semi-transparent displays [15,16].
See the review paper [2] on the recent progress and future
directions of stretchable electronics.
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Stretchable electronics is achieved by using elastomeric
stamps to transfer print the conventional, inorganic electronics from their hard, rigid growth substrates (e.g., semiconductor wafers) to soft, elastic elastomeric substrates
[17–24]. By controlling the peeling speed [20,23] or microstructures on the stamp surface [24], the stamp can pick up
electronics from its growth substrate and print it on various receiver substrates, such as fabric, vinyl, leather, and
paper [25].
Inorganic electronics transfer printed onto stretchable,
elastomeric substrates, however, are not stretchable yet if the
electronics remains ﬂat (straight). This is because inorganic
semiconductors fracture at ∼1% tensile strain. Several strategies discussed below, together with transfer printing, make
inorganic electronics stretchable to 10% or even 100% strain.
(1) Pre-stretch of elastomeric substrates prior to transfer
printing. Inorganic electronics is transferred printed
onto a pre-stretched elastomeric substrate. Upon release
of the pre-stretch, the thin electronics buckles on
the surface of elastomer, and enables stretchability in
the buckle direction [26]. This strategy has produced
stretchable silicon ribbons [26–28], membranes [29,30]
and nanowires [31–33], carbon nanotubes [34–36], and
gold ﬁlms [37]. Mechanics models have been developed to study various aspects of these systems, such as
free edge [38], width [39], encapsulation [40], buckling modes [41,42], and elastic anisotropy [43–45] of
the thin ﬁlm; surface waviness [46,47], biaxial stretchability [48–52], ﬁnite deformation [53,54], and viscosity [55] of the substrate; and interface adhesion [56].
The review papers on experiments are in Ref. [57] and
mechanics models are in Ref. [58].
(2) Non-coplanar mesh layout of island-bridge structures.
The two-dimensional inorganic semiconductor islands
interconnected by thin metal/elastomer bridges provide another strategy for stretchable electronics [11].
For curvilinear metal/elastomer bridges, the islandbridge structures are transfer printed onto an elastomeric substrate without the pre-stretch. The stretch
imposed on the system after transfer printing causes
the curvilinear bridges to buckle, i.e., the so-called
lateral buckling [59], which shields the inorganic semiconductor islands from deformation. This strategy provides large stretchability, as demonstrated in conformal,
bio-interfaced electronics [3,4], electronic-eye cameras
[6–8,60,61], deformable circuits [9–12], and LED for
deformable and semi-transparent displays [15,16]. The
review paper is in Ref. [62].
(3) Stretchable interconnect. Another strategy to stretchable electronics is to use interconnect lines of metals that
are close to liquid at room temperature [63–67]. Metal
interconnects conﬁned to plastic substrate have also
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been used [68–74] because the constraint from substrate
makes the metals more stretchable. These stretchable
interconnects provide the stretchability at the system
level.
(4) Strain isolation via an adhesive layer. An adhesive layer
between inorganic electronics and elastomeric substrates is introduced during transfer printing [25,75,76].
This layer serves as a strain-isolation element to shield
the electronics from the large strains in the stretched
elastomeric substrates. This approach has been demonstrated in experiments [25].
The purpose of this paper is to establish a mechanics model
for the strain-isolation approach discussed above. An analytical solution is obtained for a three-layer system, consisting of
inorganic ﬁlm, adhesive and substrate. The maximum strain
in the inorganic ﬁlm given by the analytical model agrees very
well with the ﬁnite element analysis. The veriﬁed analytical
model is useful to the optimal design of strain-isolation layer
for stretchable electronics.
2 A model for thin ﬁlm/adhesive/substrate
Figure 1 shows a schematic diagram of a PDMS adhesive
layer between a Si thin ﬁlm and a plastic substrate. The ﬁlm
and adhesive are much thinner than the substrate, i.e., thickness h f ≤ h a  h s (Fig. 1). The substrate is much stiffer
than the adhesive, but much more compliant than the ﬁlm, i.e.,
Young’s modulus E a  E s  E f . An example is the PDMS
adhesive (E a = 2.0 MPa), plastic substrate (E s = 2.0 GPa),
and Si ﬁlm (E f = 130 GPa).
The ﬁlm and substrate are modeled as elastic beams.
As shown in Fig. 2, the bending moment, shear force and
axial force (per unit width in the out-of-plane direction) are
denoted by Mi , Q i and Ni (i = f for ﬁlm or i = s for substrate). The interface normal and shear stresses are denoted
by σ and τ , respectively (Fig. 2).
Equilibrium of force and moment requires [77,78]
1
dMi
− Q i + τ h i = 0,
dX
2
dQ i
∓ σ = 0,
dX

(1)
(2)

Fig. 1 Schematic diagram of a PDMS adhesive layer between a Si thin
ﬁlm and a plastic substrate
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and ws for the substrate, and σ and τ related to the adhesive.
The traction-free boundary conditions at the ends of the thin
ﬁlm are
Nf = 0,

Mf = 0,

Q f = 0, at X = ±l,

(9)

where 2l is the ﬁlm length, and X = 0 denotes the center of
the ﬁlm. The boundary conditions in the substrate are
Ns = 0,

Fig. 2 Free-body diagram

dNi
∓ τ = 0,
dX

(3)

where “−” in Eqs. (2) and (3) is for the ﬁlm, and “+” is for
the substrate. Elimination of the shear force from Eqs. (1)
and (2) gives
h i dτ
d 2 Mi
∓σ +
= 0.
2
dX
2 dX

(4)

The axial force and bending moment are related to the
axial and lateral displacements u i and wi in the ﬁlm and substrate via the corresponding tension and bending rigidities,
du i
Ni
=
,
(5)
dX
Ei h i
d2 wi
12Mi
=−
,
(6)
2
dX
E i h i3


where E i = E i / 1 − νi2 is the plane-strain modulus.
The adhesive is thin and compliant, and therefore has negligible bending rigidity. Its constitutive model gives
wf − ws
σ = Ea
,
ha

 
f
u f + h2f dw
dX − u s −
τ = Ga
ha

(7)
h s dws
2 dX


,

(8)

where E a and G a are the plane-strain and shear moduli
of the adhesive, and u f + (h f /2)(dwf /dX ) and u s −
(h s /2)(dws /dX ) are the axial displacements at the ﬁlm/adhesive and adhesive/substrate interfaces, respectively.
Equations (2)–(8) give 12 equations for 12 variables,
namely Nf , Mf , Q f , u f and wf for the ﬁlm, Ns , Ms , Q s , u s

Ms = M0 ,

Q s = 0, at X = ±l,

(10)

where M0 is the bending moment applied to the substrate.
Equations (9) and (10), together with the conditions to eliminate rigid body motion, give all boundary conditions for
Eqs. (2)–(8).
Elimination of axial forces, bending moments and displacements by substituting Eqs. (3)–(6) into the 4th order
derivative of Eq. (7) and 3rd order derivative of Eq. (8) gives


1
1
h a d4 σ
+ 12
+
σ
E a dX 4
E f h 3f
E s h 3s


1
1
dτ
= 0,
(11)
−
−6
E f h 2f
E s h 2s dX

h a d3 τ
dτ
1
1
−
4
+
G a dX 3
Ef hf
E s h s dX


1
1
−
+6
σ = 0.
(12)
E f h 2f
E s h 2s
Elimination of σ from the above two equations yields the
following equation for τ

1
d5 τ
Ga
1
d7 τ
−
4
+
7
dX
ha Ef hf
E s h s dX 5


Ea
Ea G a
1
1
d3 τ
+ 12
+
− 12 2
3
3
3
ha Ef hf
ha
E s h s dX
⎡

2 ⎤
1
(h f + h s )2
1
⎦ dτ = 0.
× ⎣4
+
−
3
2
3
2
dX
Ef hf Es hs
Ef hf
Es hs

(13)

The following 3 conditions are useful in the next section
for the limit of extremely compliant adhesive. The substitution of Eqs. (5) and (6) into the 1st order derivative of Eq. (8),
together with boundary conditions (9) and (10), give

dτ 
6G a
=−
M0 .
(14)

dX X =±l
h a E s h 2s
The substitution of Eq. (6) into the 2nd order derivative of
Eq. (7), together with boundary conditions (9) and (10), give

d2 σ 
Ea
= 12
M0 .
dX 2  X =±l
h a E s h 3s

(15)
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The integration of Eq. (2), together with the traction-free
shear force in Eq. (9) (or Eq. (10)), gives

which reaches the maximum shear stress at the end
τmax =

l
σ dX = 0.

(16)

−l

A simple, analytical solution is obtained in this section for an
extremely compliant adhesive with Young’s modulus (e.g.,
2.0 MPa for PDMS) several orders of magnitude smaller than
the ﬁlm (e.g, E f = 130 GPa for Si) and substrate (e.g., E s =
2.0 GPa for plastic). Here the ﬁlm is sufﬁciently thin such
that its tensile stiffness is less than, or on the same order as,
the tensile stiffness of the substrate,
E f h f ≤ E s h s , or E f h f ∼ E s h s .

(17)

For a 0.3 μm thick Si ﬁlm [25], this requires the thickness
of plastic substrate h s ≥ 20 μm. Since the ﬁlm is much thinner than the substrate, Eq. (17) also indicates E f h 2f  E s h 2s
and E f h 3f  E s h 3s . Equation (13) is then simpliﬁed to


1

+

1

d5 τ
E a d3 τ
+ 12
5
dX
h a E f h 3f dX 3

Ef hf
Es hs

1
Ea G a
4
−12
+
3
2
ha Ef hf Ef hf
Es hs

dτ
= 0.
dX

(18)

Introduce a non-dimensional distance ξ = λX , where


1
Ga
4
.
(19)
λ=
+
ha Ef hf
Es hs
Equation (18) then becomes

2

1 Ea hf G a 2
4E f h f
1+
12 E f h a E a
Es hs


d7 τ
E f h f + E s h s d5 τ
dτ
d3 τ
= 0.
×
−
+ 3 −
7
5
E s h s dξ
dξ
dξ
dξ
Ef hf + 4

(20)


Its coefﬁcient of the ﬁrst term is very small because E a


  2


E f  1, h f h a ≤ 1, G a E a ∼ 1, and 1 + 4 E f h f

2
E s hs
∼ 1. Therefore,
the above equation is simpliﬁed to

3
3
d τ dξ − dτ dξ = 0, which has solution τ = A sinh ξ
due to asymmetry of the shear stress around the center X = 0,
where the coefﬁcient A is to be determined from the boundary condition (14). The shear stress is then obtained as
τ =−

6G a
λh a E s h 2s
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M0

sinh(λX )
,
cosh(λl)

λh a E s h 2s

tanh(λl)M0 .

(22)

Substitution of the shear stress above into Eq. (11) gives
h a d4 σ
cosh(λX )
12
36G a
+
σ =−
M0
,
4
3
2
2
cosh(λl)
E a dX
Ef hf
ha Ef hf Es hs

3 Extremely compliant adhesive

d7 τ
Ga
−4
dX 7
ha

6G a

(21)

(23)

under the condition (17). Its solution is symmetric about X =
0, and is given by
σ =−

3G a h f
h a E s h 2s

M0

cosh(λX )
+ B sinh(κ X ) sin(κ X )
cosh(λl)

+ C cosh(κ X ) cos(κ X ),

(24)



under the condition (17), E a E f  1 and h f h a ≤ 1,
where B and C are the coefﬁcients to be determined, and

κ=

3E a
h a E f h 3f

1/4
.

(25)

The boundary conditions (15) and (16) become
B cosh(κl) cos(κl) − C sinh(κl) sin(κl)

3E a E f h 3f
2
=
M0 ,
(26)
ha
E s h 3s
(B + C) cosh(κl) sin(κl) − (B − C) sinh(κl) cos(κl)
6κG a h f
tanh(λl)M0 ,
(27)
=
λh a E s h 2s
which have the solution
⎧
⎨ κG h h
a f s
B= 3
tanh(λl)
⎩
λh a
⎫

⎬
3E a E f h 3f
+
[coth(κl) + cot(κl)]
⎭
ha
4
sinh(κl) sin(κl)
×
M0 ,
3
E s h s sinh(2κl) + sin(2κl)
⎧
⎨ κG h h
a f s
C= 3
tanh(λl)
⎩
λh a
⎫

⎬
3E a E f h 3f
+
[tanh(κl) − tan(κl)]
⎭
ha
×

4

cosh(κl) cos(κl)

E s h 3s sinh(2κl) + sin(2κl)

M0 ,



under the condition (17), E a E f  1 and h f h a ≤ 1.

(28)

(29)
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The membrane strain in the ﬁlm is obtained from Eqs. (3)
and (5), and boundary condition (9) as
du f
Nf
−1
=
=
dX
Ef hf
Ef hf
= 
1+

6
4E f h f
Es h s



l
τ dX
X



cosh(λX )
M0 1 −
,
cosh(λl)
E s h 2s

(30)

 


which reaches the maximum 1 1 + (4E f h f ) (E s h s )





1−1 [cosh(λl)] ( 6M0 ) E s h 2s at the center X = 0.
The shear force in the ﬁlm is obtained from Eq. (2) and
the anti-symmetry condition Q f | X =0 = 0 as
X
Qf =

σ dX
0

=−

3G a h f
λh a E s h 2s

M0

sinh(λX )
cosh(λl)

B +C
cosh(κ X ) sin(κ X )
2κ
B −C
−
sinh(κ X ) cos(κ X ).
(31)
2κ
The bending moment is then obtained from Eq. (1) and
the boundary condition (9) as
+

l 
Mf = −

1
Q f − τ h f dX
2

X

=

E f h 3f
E s h 3s
+

M0 −

B
cosh(κ X ) cos(κ X )
2κ 2

C
sinh(κ X ) sin(κ X ),
2κ 2

(32)


 

which
reaches the maximum E f h 3f
E s h 3s M0 −

  also
B 2κ 2 at the center
 X = 0. The maximum bending strain

in the ﬁlm (6Mf ) (E f h 2f ) reaches maximum (6h f M0 )


( E s h 3s ) − 3B κ 2 E f h 2f at the center X = 0.
The maximum strain in the ﬁlm is the sum of the corresponding membrane and bending strains at the center, and is
given by
⎤
⎡
1
1 − cosh(λl)
h f 6M0
3B
+ ⎦
−
.
(33)
(εf )max = ⎣
2
2 E h2
4E f h f
h
E
h
κ
s
s s
f f
1+

The ratio of the maximum strain in Eq. (33)to its counterpart without the adhesive in Eq. (34), (εf )max (εf )no adhesive ,
reﬂects the strain reduction in the ﬁlm due to the adhesive,
and is presented in the following. Unless otherwise speciﬁed, the thickness and elastic properties are h a = 10 μm,
E a = 2.0 MPa and Poisson’s ratio νa = 0.48 for the PDMS
adhesive, h s = 100 μm, E s = 2.0 GPa and νs = 0.34 for
the plastic substrate, and h f = 0.3 μm, E f = 130 GPa, νf =
0.27, and length 2l = 300 μm for the Si ﬁlm [25].

Figure 3 clearly shows that the strain ratio (εf )max
(εf )no adhesive decreases rapidly as the thickness h a of the
adhesive increases. A 1 μm-thick adhesive reduces the ﬁlm
strain by a factor of 4, and a 10 μm-thick adhesive reduces
it 28 times. This is because a very compliant adhesive isolates the ﬁlm from substrate bending, and a thicker adhesive
is more effective in this strain isolation. The ﬁnite element
method is also used to determine the strain ratio in the ﬁlm,
with and without the adhesive. The numerical results, also
shown in Fig. 3, agree very well with the analytical solution,
and therefore validate the present model.

Figure 4 shows that the strain ratio (εf )max (εf )no adhesive
increases with the Young’s modulus of adhesive. For the
adhesive Young’s modulus 0.1, 2 and 10 MPa, the ﬁlm strain
is reduced by ∼150, 28 and 7 times, respectively. As the compliance of the adhesive increases, the ﬁlm is shielded more
effectively from the substrate deformation.
The strain isolation is also more effective for a short ﬁlm
than a long one, as shown in Fig. 5. The strain ratio is 0.036
for a 300 μm-long ﬁlm, and increases to 0.12 for a 600 μmlong ﬁlm, which correspond to strain reduction of 28 and 8
times, respectively. Except for very short ﬁlms, the bending
strain is negligible as compared with the membrane strain,
and the latter can be written as [1−1/ cosh(λl)](εf )no adhesive ,
which decreases rapidly with the ﬁlm length.

Es h s

For a vanishing adhesive layer h a → 0, the above maximum strain degenerates to


6M0
4E f h f
(εf )no adhesive =
,
(34)
1+
E s h 2s
Es hs
which is the maximum strain in a composite beam of thin
ﬁlm and substrate (no adhesive) under the condition h f  h s .

Fig. 3 
The ratio of ﬁlm strains with and without the adhesive,
(εf )max (εf )no adhesive , versus the adhesive thickness h a . Results are
shown for both the analytical model and the ﬁnite element method
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Fig. 4 
The ratio of ﬁlm strains with and without the adhesive,
(εf )max (εf )no adhesive , versus the Young’s modulus of the adhesive E a

Fig. 5 
The ratio of ﬁlm strains with and without the adhesive,
(εf )max (εf )no adhesive , versus the ﬁlm length 2l

4 Conclusions
A simple, analytical model is established for the strain isolation approach to stretchable electronics. A compliant adhesive between an inorganic ﬁlm and a plastic substrate shields
the ﬁlm from substrate deformation. The simple, analytical solution is validated by the ﬁnite element method, and
is useful to the optimal design for stretchable electronics.
The analytical model shows that a relatively thick, compliant adhesive is effective to reduce the ﬁlm strain, and so is
a relatively short ﬁlm.
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