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Stretchable and compressible thin films of stiff materials
on compliant wavy substrates
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This letter presents experimental, numerical, and analytical studies of Au thin films on elastomeric
substrates of poly共dimethylsiloxane兲 that are designed with sinusoidal, “wavy” features of surface
relief. Such systems can be useful as stretchable conductors in electronic or sensory devices. The
maximum film strain is obtained in terms of film and substrate elastic moduli, film thickness,
amplitude and wavelength of the wavy profile, and the applied strain. These analytical solutions
agree well with both finite element analysis and experimentally measured changes in the sinusoidal
profile under small, uniaxial strains. A simple expression for the system stretchability and
compressibility is established. © 2008 American Institute of Physics. 关DOI: 10.1063/1.2955829兴
Stretchable electronics have the potential to be important
components of many emerging technologies, including paperlike displays,1,2 electronic eyes,3 bending actuators,4 synthetic sensitive skins,5,6 and structural health monitoring
devices.7 Previous studies have exploited the buckling of
stiff nanomembranes on compliant substrates to attain multidimensional stretchability in high-performance circuits.8–11
The mechanism and mechanics of such systems have been
investigated extensively.12–21 Although these systems have
many attractive features, one disadvantage is that compressive strains in the buckled films, established in the fabrication procedures, yield stretchability at the expense of reduced
compressibility. In this letter, we propose an alternative in
which the stiff thin film is conformally integrated with a
compliant substrate with prefabricated wavy structures of relief on its surface, thereby avoiding any initial film strain and
thus achieving both high stretchability and compressibility.
Contoured compliant substrates were fabricated in a process involving a series of molding and imprinting steps from
a rigid silicon template. Initially, plasma-enhanced chemical
vapor deposition formed a thin 共200 nm兲 silicon nitride layer
on a Si 共100兲 wafer 共SQI, Inc.兲; conventional photolithography and plasma etching formed patterns of alternating lines
and spaces in this nitride layer. After ashing the photoresist,
anisotropic etching of the Si 共100兲 in a 90 ° C isopropyl alcohol buffered 25% KOH solution for 35 min produced the
sawtooth structure in Fig. 1共a兲. Removing the nitride mask
with concentrated 共49%兲 HF and then spin casting a thin
layer of photoresist 共MicroChem S1805兲 at 3500 rpm for
90 s converted the sawtooth relief into an approximately
sinusoidal shape.
This silicon/photoresist surface profile was replicated in
a thin 共300 m兲 layer of elastomeric polymer such as polya兲
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共dimethylsiloxane兲 共PDMS兲 on a glass substrate by two consecutive casting and curing steps. The PDMS/glass element
was pressed against a layer 共75 m兲 of negative tone photoresist 共SU-8 50; MicroChem Corp.兲 on a thin 共100 m兲 plastic substrate 共polyethylene terephthalate, PET兲, which was
cured by flood exposing the system to ultraviolet light
共 = 365 nm兲 for 30– 40 s from both the top and bottom
followed by a 5 min bake at 65 ° C. Careful removal
of the PDMS/glass produced a molded SU-8 substrate with
the inverted sawtooth profile of the silicon wafer. Spin casting a layer of SU-8 2 共MicroChem Corp.兲 diluted to 21 volume fraction with SU-8 thinner smoothed the relief valleys
in the molded SU-8. Electron-beam deposition 共Temescal

FIG. 1. 共Color online兲 Profile of the wavy compliant substrate and stiff thin
film system. Anisotropic etching of silicon produced a sawtooth pattern 共a兲,
which formed the underlying sinusoidal structure for the wavy profile. After
a sequential process of smoothing, molding, and metallization, a final PDMS
substrate with a thin 共300 nm兲 gold film was obtained 共b兲. Here 2A0 is the
peak to valley initial amplitude,  the wavelength, and h the thickness of the
stiff thin film. 共c兲 shows an optical image of an isolated wavy gold film
created in this manner. The inset shows delamination of the contoured Au/
PDMS substrate from the PET/SU-8 mold.
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BJD1800兲 of Au through a shadow mask produced patterned
films 共300 nm thick兲, conformally coating the contoured
SU-8 surface. Treating this substrate with mercaptopropyltrimethoxysilane via vapor phase exposure prepared the
sample for a final PDMS molding step. After casting and
curing the PDMS prepolymer, fast removal of the stamp
transferred the metal films to the PDMS, resulting in the
wavy Au-coated profile seen in Fig. 1共b兲. Figure 1共c兲 is an
optical image of an isolated thin film 共300 nm兲 on a wavy
substrate. The mechanics of these structures were examined
through surface profilometry 共Dektak 3030兲 at various levels
of uniaxial strain applied with a tensioning stage.
To determine the maximum strain supported by the stiff
thin film, we first used an energy method to calculate the
change in profile amplitude under applied strain. The total
system energy consists of three parts, the bending energy Ub
due to thin film curvature changes, the membrane energy Um,
and substrate energy US.8,17,18 Figure 1共b兲 shows a stiff thin
film of thickness h on a compliant substrate having a wavy
surface profile given by y = A0 cos kx, where A0 is the initial
amplitude, k = 2 / , and  is the wavelength. For small initial amplitudes, A0 Ⰶ , the curvature of the film is 0
= d2y / dx2 = −A0k2 cos kx. After application of a small strain
a to the film/substrate system, the change in curvature is
given as ⌬ = d2w / dx2 = 共A0 − A兲k2 cos kx, where A is the
strained profile amplitude and w = 共A − A0兲 cos kx is the displacement in the y direction. The bending energy per unit
length of the film can then be obtained using the plane-strain
modulus of the film Ē f = E f / 共1 − 2f 兲 and the bending stiffness,
Ē f I = Ē f h3 / 12 via
1 1
1
Ub = 兰0 Ē f I共⌬兲2dx = Ē f h3共A0 − A兲2k4 .
48
 2

共1兲

The membrane strain, m, which determines the
energy in the thin film, depends on both the x and y direction
displacements, u and w, respectively. For an infinitesimal
segment of the film with initial length dS = 冑共dx兲2 + 共dy兲2,
after deformation the segment is elongated to ds
= 冑共dx + du兲2 + 共dy + dw兲2. The membrane strain is then m
= 共ds − dS兲 / dS which can be simplified to m = u⬘ + 共w⬘兲2 / 2
+ y ⬘w⬘ for small amplitudes A0 Ⰶ  and small strains, but
finite rotation. Here 共 兲⬘ = d共 兲 / dx. Since the elastic modulus
of the PDMS substrate 共⬃2 MPa兲 is several orders of magnitude smaller than that of Au film 共⬃70 GPa兲, the effect of
interface shear is negligible.18 This conclusion is confirmed
independently by the finite element analysis presented at the
end of this letter. Force equilibrium of the film requires a
constant membrane strain for film thickness h Ⰶ , giving the
displacement u = ax − 共1 / 8兲共A20 − A2兲k sin 2kx, where a is
the applied strain in the x direction, and the condition
兰0 u⬘dx = a has been imposed to ensure the compatibility of
deformation in the film and substrate. The membrane strain
in the film is then obtained as m = a − 41 共A20 − A2兲k2, yielding
a membrane energy per unit length of the film of

冋

1
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2
dx = Ē f h a − 共A20 − A2兲k2
Um = 兰0 Ē f hm
2
4
 2

册
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共2兲

The substrate is modeled as a semi-infinite solid since its
thickness is much larger than the wavelength . The wavy
surface profile,y = A0 cos kx, can be transformed to a straight
line in a new coordinate system 共x , 兲, where  = y

− A0 cos kx. Strains are then obtained from the displacements
ux and uy as xx = ux,x + ux,A0k sin kx, yy = uy, and 2xy
= ux, + uy,x + uy,A0k sin kx, where 共 兲,x and 共 兲, represent the
partial derivatives with respect to x and . The substrate
stress is determined via the linear elastic relation 共Young’s
modulus ES and Poisson’s ratio S兲 with the equilibrium
equation providing two partial differential equations for ux
and uy. Boundary conditions for the top surface,  = 0, are
uy = 共A − A0兲cos kx and a vanishing shear traction, nt = 0, due
to negligible interface shear. The remote boundary conditions
require 兩xx兩→−⬁ = a due to the applied strain and vanishing
tractions. For small amplitude 共A0 Ⰶ  or, equivalently, A0k
Ⰶ 1兲, the displacements can be written as
共1兲
2 共2兲
ux = u共0兲
x + 共A0k兲ux + 共A0k兲 ux + ¯ ,
共1兲
2 共2兲
uy = u共0兲
y + 共A0k兲u y + 共A0k兲 u y + ¯ .

共3兲

Substitution into the equilibrium equations and boundary
conditions, together with the perturbation method, give the
analytical solutions
共0兲
u共0兲
x = ax, u y = −

冋

S
 a ,
1 − S

u共1兲
x = 共1 − 2S + k兲
+ k兲a

再

册

共4兲

A − A0
− 共3 − 2S
A0

ek sin kx
,
2k共1 − S兲

冋

u共1兲
y = − 2Sa + 共2 − 2S − k兲

册 冎

+ 共2S + k兲a ek

A − A0
A0

cos kx
.
2k共1 − S兲

共5兲

共2兲
Expressions for u共2兲
x and u y are not presented due to space
limitations. The strain energy per unit length of the substrate
can now be obtained by integrating ijij / 2 over the substrate. The derivative with respect to A is

dUS 1
= ĒSk共A − A0兲 + 41 ĒSakA0 ,
dA 4

共6兲

where ĒS = ES / 共1 − 2S兲 is the plane-strain modulus.
Minimization of total energy with respect to the profile
amplitude, Utot / A = 0 yields the cubic equation 共A / A0兲3
+ p共A / A0兲 − q = 0 for A, where p = 4a / 共kA0兲2 + h2 / 共3A20兲
+ 2ĒS / 共Ē f k3hA20兲 − 1 and q = h2 / 共3A20兲 + 2共1 − a兲ĒS / 共Ē f k3hA20兲.
For small applied strains, this equation can be solved analytically for the amplitude

冋

A = A0 1 −

6a共ĒS + 2Ē f kh兲
6ĒS + Ē f kh共k2h2 + 6k2A20兲

册

.

共7兲

As is evident from Eq. 共7兲, the amplitude decreases linearly with the applied strain. Figure 2 compares simulated
and measured amplitude changes for a 0.3 m thick Au film
共E f = 78 GPa,  f = 0.42兲 on a wavy PDMS substrate 共ES
= 2 MPa, S = 0.48兲 under small uniaxial tension. The profile
wavelength was held constant at  = 49 m for each of the
three initial amplitudes A0 = 7.2, 9.5, and 10.5 m examined.
The experimental measurements in Fig. 2 共denoted by
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strain of the thin film. For Au thin film with a maximum
elastic strain of c = 0.46% 共Ref. 22兲 共beyond which plastic
yielding occurs兲, the system stretchabilities are 4.6%, 23%,
and 46% for A0 / h = 10, 50, and 100, respectively. Therefore,
for a given film thickness h, a large initial amplitude and/or
small wavelength, i.e., a wavier film 共and substrate兲, reduces
film strain, making the system more stretchable.
The above analyses and results also hold for compression of the stiff thin film on a compliant wavy substrate. For
example, the system compressibility is also given by A0c / h
for very stiff and thin films. This provides the contoured
wavy film/substrate an additional range of motion not captured by other buckling systems.

FIG. 2. 共Color online兲 The amplitude A vs the applied strain a for a 0.3 m
thick Au film 共E f = 78 GPa,  f = 0.42兲 on a wavy PDMS substrate 共ES
= 2 MPa, S = 0.48兲 with the wavelength  = 49 m and several initial amplitudes A0 = 7.2, 9.5, and 10.5 m.

squares兲 and finite element method results 共marked by triangles兲 agree remarkably well with the analytical solution of
Eq. 共7兲 without parameter fitting.
The maximum strain max supported by the thin film can
be determined by the sum of the membrane strain m and the
bending strain,b = ⌬h / 2 as
max = a

3ĒS共2 − k2A20 + k2A0h兲 + Ē f k3h2共6A0 + h兲
6ĒS + Ē f k3h共6A20 + h2兲

.

共8兲

Figure 3 shows the ratio of applied strain to the maximum
film strain, a / max, versus the ratio of initial amplitude to
wavelength, A0 / , for A0 / h = 10, 50, and 100. Each curve in
Fig. 3 has a plateau at large initial amplitude 共e.g., A0
⬎  / 5兲, indicating the maximum ratio of a / max. For very
stiff 共Ē f Ⰷ ĒS兲 and thin film 共h Ⰶ A0兲, the plateau is given
simply by A0 / h such that the system stretchability 共maximum strain before failure兲 is A0c / h, where c is the failure

FIG. 3. The ratio of applied strain to the maximum film strain, a / max, vs
the ratio of initial amplitude to wavelength, A0 / , obtained by the analytical
solution for A0 / h = 10, 50, and 100, where h is the film thickness.
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